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Abstract. In this paper, we describe explicit relations in the symplectomor- 
phism groups of toric hypersurfaces. To define the elements involved, we con- 
struct a proper stack of toric hypersurfaces with compactifying boundary rep- 
resenting toric hypersurface degenerations. Our relations arise through the 
study of the one dimensional strata of this stack. The results are then ex- 
amined from the perspective of homological mirror symmetry where we view 
sequences of relations as maximal degenerations of Landau-Ginzburg models. 
We then study the B-model mirror to these degenerations, which gives a new 
mirror symmetry approach to the minimal model program. 



1. Introduction 

In his 1994 ICM address, Maxim Kontsevich reformulated the concept of mirror 
symmetry in string theory as a deep mathematical duality now known as homo- 
logical mirror symmetry. This has united many previously disparate notions in 
symplectic geometry, algebraic geometry, and category theory. Although originally 
formulated for Calabi-Yau manifolds, evidence has emerged suggesting that the 
scope of homological mirror symmetry is much more vast |36j . 

Developments in last few years have drawn much attention to phase changes in 
the moduli spaces appearing in mirror symmetry, exemplified in the work on wall- 
crossing by Gaiotto, Neitzke, Moore [37] and Kontsevich, Soibelman [33] , where the 
moduli spaces involved are the spaces of stability conditions pioneered by Bridge- 
land [14j . This modern approach to wall-crossing is in many ways a generalization 
of the geometric invariant theory developed by Mumford, whose variational the- 
ory was studied by Dolgachev-Hu [33] and Thaddeus [HTj- In another direction, 
wall-crossing phenomena also generalize the by now classic work of Simpson on 
the moduli spaces of Higgs bundles [SS], as originally conceived by Hitchin [53] , 
The latter connection suggests the need for a Hodge theoretic approach to stability 
conditions and wall-crossing, a theory of Stability Hodge Structures 137,- 

In this paper we concentrate on a piece of this new theory, where one retains 
explicit combinatorial control. Here the relevant moduli space is a moduli space 
of Landau-Ginzburg models (LG models), and the mirror symmetry is for toric 
Deligne-Mumford stacks. We take a minimalist approach to moduli of LG mod- 
els, developing only aspects which serve the geometric goals of this paper, and 
defer to the future work |37| for a more systematic treatment. Still, we discover a 
wide range of unexpected geometric applications. In this paper we observe wall- 
crossing phenomena manifesting as explicit symplectomorphisms on hypersurfaces. 



2010 Mathematics Subject Classification. Primary 53D37; Secondary 53D05. 



2 



C. DIEMER, L. KATZARKOV, AND G. KERR 



We study the geometry of these symplectomorphisms and relations between them 
in the symplectic mapping class group. 

The mapping class group for Riemann surfaces has been studied from a variety 
of directions and perspectives for many years. Following the ideas of Hatcher, 
Thurston and others, Wajnryb gave a finite presentation for these groups, thereby 
opening their structure to computational analysis [59] . The mapping class group of 
marked curves and curves with boundary was covered in this presentation as well. 
In all cases, the presentation consists of a generating set of Dehn twists and braids, 
along with a set of relations obtained from standard relations on model surfaces. 
For example, the braid, lantern and star relations all occur on punctured genus < 1 
surfaces and are embedded into the larger surface to yield part of the presentation. 
Generalizations of these results to diffeomorphism groups in higher dimensions is 
much less understood. However, considering symplectic manifolds in the context of 
toric or tropical geometry, the chances of success appear to increase dramatically. 
This paper aims to supply strong evidence of this. 

In this paper, we restrict attention primarily to symplectic orbifold hypersurfaces 
{y,ijj) contained in a d dimensional toric stack As. Every such hypersurface can 
be thought of an orbifold with boundary dy by considering the intersection with 
the toric boundary. We then obtain a collection of generators and relations for a 
subgroup G of the symplectic mapping class group 7ro(Symp(3^, dy)). Our method 
is to consider representations of the fundamental group of a stack X° = {X — £) 
which can be thought of as a toric moduli space for (3^,a;). As this is a moduli 
space in the toric category, we avoid many of pathologies regarding classical moduli 
spaces of hypersurfaces (see Kollar Here X is a. proper stack over C and 

the determinant locus, is a singular, reducible hypersurface which includes the 
discriminant as a component. The other components of £ classify hypersurfaces 
which obtain singularities on their boundary. Removing £, we find a symplectic 
connection on the universal hypersurface T-l over X and employ symplectic parallel 
transport: 

(1) p ■.n,{x°)^SyrRp{y,dy) 

Taking the group G = 7ro(im(P)), we find generators and relations by studying 
them in ni{X°). 

Before we can implement this program, we need to define the stacks X and £. 
Assume y is obtained as the zero locus of a section of an ample line bundle C'yi(l) 
of A's and A C Z'^ is a subset of the weight polytope of 0(1)). Following 

the techniques of Gelfand, Kapranov, Zelevinsky [IS] and Alexeev [1] we construct 
a toric stack A's(^), with a stacky fan description, which has an open substack Va 
corresponding to the moduli of toric hypersurfaces which do not contain any torus 
fixed point of As. The moment polytope for A's(a) is the secondary polytope T,{A) 
of A, but the stack A'2(yi) is more refined than the variety ^^(yi)- 

As mentioned, the substack Va C X^^a) is a moduli space for certain toric hyper- 
surfaces and the full stack A'x;(a) is a geometric compactification. More precisely, 
after Mumford [55], we define a toric hypersurface degeneration and find that all 
such degenerations are classified by the boundary of X-s(a) — Va- This is in analogy 
to the case of Riemann surfaces where we obtain the moduli space as an open subset 
of the moduli space of stable curves. 

To define the universal hypersurface over X-^(^a)j we first define a toric variety 
^0{A) following the ideas of Lafforgue gS] and regard the universal hypersurface 
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as a single hypersurface yA C Xe{A)- We show that Xq(a), and yA, have exphcit 
formulations in terms of a toric stack with line bundle, and the zero locus of a 
universal section, respectively. There is a morphism tt : Xq(^a) ~^ <^s(yi) whose 
fibers are possibly degenerated toric varieties with a hypersurface. Restricting tt to 
yA — Tr~^{£) gives a smooth bundle over X° where the map in equation [l] can be 
defined. 

In the case of curves, the generators of the mapping class group can be taken 
to be Dehn twists and braids. One expects a more complicated set of generators 
to occur in higher dimensions. Indeed, the generators we obtain fall into two dif- 
ferent classes, hypersurface degeneration monodromy and stratified Morse function 
monodromy. The former refers to monodromy around the compactifying divisor 
dX-^(^A} aiid has been studied near the points associated to maximal triangula- 
tions by Abouzaid [1 . The geometric description of these symplectomorphisms is 
obtained by first breaking the hypersurface up into its degenerated components 
where the symplectomorphism is a unitary map, and then convolving along the 
degenerating vanishing cycle to obtain a global map. For curves, these occur as a 
combination of a Dehn twist and a finite order map. 

The second class of generators we examine are generalizations of spherical twists 
as investigated by Seidel ^1]. Since y has a boundary arising from a normal 
crossing divisor, a smooth point t G A" where the fiber Z is smooth, but does 
not transversely intersect the boundary, also yields a symplectic monodromy map. 
The local model for monodromy here is a generalization of the usual monodromy 
around a Morse singularity to that around a stratified Morse singularity as defined 
in Goresky and Macpherson's work |29j . In order to obtain a well defined symplectic 
monodromy map in this situation, we must isotope w to a singular symplectic form 
with singular set along some components of the boundary. This isotopy can be 
defined on all of Xq(^a)^ and conjugating the monodromy map by it, we obtain the 
modified symplectic parallel transport map. Its description is that of a generalized 
braid about a Lagrangian submanifold which is a join of a sphere and simplex. This 
gives twists about Lagrangian discs and balls, as well as other interesting joins. 

In general, the fundamental groups of discriminant complements are quite com- 
plicated f|22|). to say nothing of determinant complements. In pursuit of relations 
between the above generators, we follow the example of mapping class groups of 
curves and find a class of toy models to study. These models occur as subdi- 
vided pieces of {y, uj) for general toric hypersurfaces y. The most elementary piece 
A C Z"^ occurring in such a subdivision is that of (d -I- 1) affinely independent lat- 
tice points whose convex hull is a simplex. The corresponding toric hypersurface 
is a higher dimensional pair of pants (see |51j). However, simplices have secondary 
stacks X^(^A) = BG where G is a finite abelian group and so their fundamental 
group does not contain any interesting relations. The next level of complexity is 
that of an affine circuit which generically is a set of {d + 2) points in 1/^ that span 
E''. In this setting we already observe a rich interplay between spherical twists, 
degeneration monodromy and finite group actions. The tropical picture illustrates 
these circuits as Morse functions related to bistellar flips. For the most elementary 
cases in dimension 1, we recover the lantern and star relations. 

More generally, we obtain the following abridged version of one of our main 
theorems in section [4. 11 
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Theorem 1.1. Let A be a circuit affinely spanning Z'^. There are symplectomor- 
phisms Tq,Ti,Too G Symp(y,dy) with Tq and Too toric degeneration monodromy 
maps and Ti the monodromy about a stratified Morse singularity. In the mapping 
class group TTo{Symp{y , dy) , these satisfy the relation: 

(2) ToTiToo = r(t) 

where T(t) is a rotation about the boundary dy. 

In order to put the generators and relations into a symplectomorphism group of 
a general {y,uj), we address the process of regeneration of circuits. This allows us 
to import relations obtained over the boundary strata of Xs(A) into the interior. 
As explained in [3, the one dimensional boundary strata of correspond to 

circuits supported on A. After regenerating these circuits, we obtain a host of 
geometrically meaningful relations between generators in G. Taking a general map 
(/) : — >■ and pulling back the universal hypersurface gives a framed Lefschetz 

pencil over P-^. We describe a presentation of the monodromy group associated 
to such pencils by isotoping them near the boundary of ^■^(^a) and relating the 
bubbled components to circuits. This gives a combinatorial description not only of 
the groups involved, but their action on the hypersurface. 

Guided by mirror symmetry we view the Lefschetz pencil as a Landau-Ginzburg, 
or LG, model. This topic has its roots in quantum field theory and has found 
many mathematical applications via mirror symmetry [33] . Our perspective takes 
a LG model as a curve i : C — )■ Xj2(a)- We pay special attention to curves that 
are obtained as compactifications of one parameter orbits in X^(^a) which we call 
sharpened pencils. All examples of mirrors of Fano toric stacks lie in this class 
[33] . Following results of [47] , we observe that the coarse moduli space of these LG 
models has a natural compactification as a toric variety whose moment polytope is 
the monotone path polytope of S(^) as investigated in [5], [S]. By analogy to the 
case of ^"2(^1) where the fixed points correspond to large volume complex structure 
limits, the fixed points of this toric variety correspond to maximal degenerations 
of the LG model. Every such fixed point is related to a vertex of the monotone 
path polytope which itself gives an edge path on As mentioned above, this 

edge path gives a sequence of circuits describing the original Lefschetz pencil. One 
main application of our work is to use any such sequence to describe an associated 
semi-orthogonal decomposition of the Fukaya-Seidel category of the LG model. 

This semi-orthogonal decomposition complements recent developments in ho- 
mological mirror symmetry for the case of Fano varieties. Work of Bondal-Orlov 
[llj and Kawamata .''>!) illustrates relations between birational transformations and 
semi-orthogonal decompositions; see also [5] for a thorough treatment of this phe- 
nomenon for birational maps obtained from Geometric Invariant Theory. One thus 
expects a mirror sequence of birational maps corresponding to the degenerated 
Landau-Ginzburg model. In the toric case, the equivariant birational geometry is 
well-understood combinatorially and goes back to the work of Reid [53]. The fact 
that these birational transformations are typically centered on the toric boundary 
of the toric variety means that we are working with log pairs, see the paper of 
Kollar [41 for foundations on the birational geometry of log pairs. 

We show concretely that degenerations of toric Landau-Ginzburg models corre- 
spond bijectively to possible runs of the minimal model program for toric varieties. 
As a consequence we obtain a concise description of the mirrors of toric flips and 
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toric divisorial contractions in terms of circuits. We conjecture that there is an 
equivalence of categories which restricts to this identification of semiorthogonal 
components, giving a clear picture of the geometry underlying homological mirror 
symmetry for toric DM stacks. We give evidence for this conjecture by computing 
ranks in _fC-theory, along the way extending results of Borisov-Horja [13j . We note 
that it is crucial to allow for toric stacks in the above minimal model process; this 
is consistent with Kawamata's results ^39 . Moreover, our work implies that one di- 
mensional strata on the bottom of the monotone path polytope correspond to Mori 
fiber spaces, two dimensional strata to Sarkisov links, three dimensional strata to 
relations between Sarkisov links, and so on. 

The relationship between the minimal model sequences of As and t he mirror 
A-model LG degenerations on A'™*'' is suggested by the theorem 
simple cases reduces to the following statement. 



5.14 



which in 



Theorem 1.2. The set of minimal model sequences of for a Fano toric stack 
are in bijective correspondence with the set of mirror sequences to maximal de- 
generations of the superpotential on the mirror stack X^"^ . Both are in bijective 
correspondence with vertices of a monotone path polytope T,p{Y.(A)). 

Although our main application concerns mirrors of toric stacks, it is worthwhile 
to view these results in light of recent developments in the minimal model program 
for more general varieties. We refer to the classic text of Kollar and Mori for 
foundational aspects. The works of Birkar, Cascini, Hacon, McKernan [T^ and 
Corti, Lazic [17] have drawn attention to certain loci in the pseudoeffective cone of 
a variety, called Shokurov polytopcs, where finite generation of the corresponding 
log canonical rings holds, and there is a finite chamber decomposition coming from 
distinct birational models. In the toric case the effective cone is itself polyhedral, 
and the chamber decomposition is well studied |19| , and coincides with the mirror 
correspondence discussed above. We expect that, beyond the toric case, the bound- 
ary of the moduli space of LG models mirror to a Fano variety X sheds light on the 
chamber decomposition of the pseudoeffective cone of X. Beyond the Fano case, 
the techniques of this paper can also be used to generate Shokurov polytopcs when 
a LG mirror is known, even if the pseudoeffective cone is itself not polyhedral. 

Acknowledgements: Support was provided by NSF Grant DMS-0901330, NSF 
FRG Grant DMS-0854977, FWF Grant P20778, and an ERG GEMIS Grant. We 
would like to thank Denis Auroux, David Favero, Paul Horja, Maxim Kontsevich, 
and Tony Pantev for helpful comments and conversation during preparation of this 
work. 

2. TORIC PRELIMINARIES 

In this section, we will give key definitions and constructions for the toric moduli 
space of hypersurfaces and its compactification. An important point to keep in mind 
throughout is that our moduli stacks are only of toric hypersurfaces, and only up 
to toric isomorphism, not general isomorphisms. The advantage of this approach 
is that we obtain stacks with extremely explicit representations. 

In the first two subsections we recall and collect notions of the algebraic and 
symplectic geometry of toric stacks. Many familiar aspects of this subject will be 
assumed, but all novel constructions will be discussed. In the last two subsections, 
we recall the constructions of Gelfand, Kapranov and Zelevinsky [JH] and Lafforgue 
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[45j . We adapt these ideas into the definition of several toric stacks which give 
the moduh compactification, a universal toric variety lying over it and its universal 
hypersurface. 

2.1. Toric preliminaries. We start this section by recalling the construction of 
toric stacks through the data of a stacky fan. We utilize the material in 28 rather 
than the more classical approach given in [18] , [12]. This allows us to incorporate 
more general Artin stacks into the discussion. 

Definition 2.1. A stacky fan S consists of the data (Ai,A2,/3, S) where: 

(i) A2 is a finitely generated abelian group, 

(ii) E is a fan in Ai ® M and Ai is a lattice, 

(iii) /? : Ai -> A2 is a homomorphism with finite cokernel. 

We call S good if the Ai primitives S(l) are linearly independent and span a 
saturated sublattice of A2. 

For the rest of the paper, we will identify S(l) with its primitive generators. 
Note that our definition of a stacky fan corresponds to a generically stacky fan 
with close /? in [55]. The notion of a good stacky fan will be explained after we 
recall the stack associated to S. First we extend f3 to an exact sequence 

(3) ^ ^ Ai ^ A2 ^ iiTs ^ 0. 
After tensoring with C* we have that the kernel of (/? (g)z 1) is 

(4) Hs (Ls«)C*)®Tor(i^s,C*). 
This leads to the definition: 

Definition 2.2. Given a stacky fan S, the toric stack A's is defined to be the 
quotient stack As = [Xs/Gs]. If S is good, we call As a good toric stack. 

Note that for any A e Gs := A2®C* , we may choose A' £ Ai(KiC* with /3(A') = A 
and define A • _ : — > by A' • z for z e X^. This defines the torus action of 
Gs on Xs up to natural isomorphisms. The action can be made strict in the cases 
that Ks is trivial. 

Given two stacky fans, S and S, we define a map g : S — !■ S to be a pair [gi, 52) 
such that (71 : Ai — > Ai induces a map of fans gi : S — >■ E and 52 : A2 — >■ A2 
satisfies /3 o gi — g2 o /?. It is clear that any such map of stacky fans induces a map 
g : Xj^ — )• Xs- If A G Gj, and A £ Gj, we write gj^ ^ :— X - g(X ■ z). 

It was shown that in [28] that any toric stack X has a canonical stack As X 
where S is a good stacky fan. This map satisfies a universal property and can be 
thought of as a stacky resolution of X. When X — X-^ and S is good, the map is 
an isomorphism. All of the toric stacks defined and worked with in this paper will 
be good and most will be Deligne-Mumford stacks. 

We recall from [18] that, for a good DM toric stack As, one can identify the 
space of equivariant Cartier divisors Diveq(A's) with A^ and the Picard group with 
Pic(A's) = L^eExt^iCs, Z). Indeed, letting C A^ be the dual cone to the cone 
over S(l), the ring i?s — 'C[xa ■ o S S^(l)] is the homogeneous coordinate ring 
for graded by the character lattice © Ext^(i4rs,Z) of Gs- Given 70 € A^, 
we write D^^ for the associated Cartier divisor and 0{I)^^^ for the line bundle in 
Pic(As). For any character 70 € the set 

(5) [7o]-{7eS^:«^(7) = «^(7o)}cAr 
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gives the space H^{Xs,0{Djg)) an eigenvector decomposition into (C''^"')^ = 
Hom5et([7o]j C) with eigenbasis consisting of the monomials {x^ : 7 e [70]} C 
When the divisor 7 is chosen, the group Gs x C* acts on H'^{X-£;,0{Dj)) via 

(6) {X,t) I c,xA (r)-^(7-7o)(A)c^x^. 

\7e[7o] / 7e[7o] 



Where we have identified with the group of characters Hom(IHI 

Suppose (7 : S — S is a map of stacky fans and 7 € n a positive divisor 
on As, then the map 

(7) r : H%X^,OiD^)) ^ ij0(A'^,O(i?gV(^))) 
is simply 

(8) g* J2 ^72^7 = J2 ^72^3^(7)- 

\76[7o] / 75 [70] 

Now assume that g : S — > S describes a flat morphism of good toric stacks. 
Recall from [3S] that such a map has the property that gi maps S(l) onto E(l) 
implying that : Ai — Ai has cofinite image Fi := im(gi). Let T2 be the pushout 



Ai A2 



(9) 



and define: 



91 
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Definition 2.3. Given an equivariant flat morphism g : Xj, — > As between two 
good toric stacks, let: 

(i) = (Ai,r2,S,7o gi) and X^ — X^f be called the fine quotient relative 
to g, 

(ii) = (ri,r2,S,7) and X^^ — X^ be called the colimit stack relative to 
(7, and g'^ = (gi, h) : Xj, — > X^ the induced morphism. 

Note that both constructions yield good toric stacks. 

Proposition 2.4. Suppose Xi, X2 and A3 are good toric stacks. Let g : Xi ^ X3, 

/ : A^i — > A'2 and h : X2 ^ X^ be equivariant morphisms with g = h o f flat. If 
h is a bijection on orbits then there exists a unique map h : X^* — )• A such that 
f ^hog~^. 

The proof of this follows from the universal properties of pushout along with the 
assumption that h is an isomorphism on fans defining A2 and A3. The motivation 
for the proposition is to show that X^ is the finest toric stack which lies over A'3 
and under Xi. This fact will be used to obtain the ideal moduli space satisfying 
such a condition. 

Many of the toric stacks we work with arise from considering finite sets in a 
lattice or finitely generated abelian group. It will therefore be helpful to have a 
standard notation for the exact sequence arising in these situations. Let i? be a 
finite subset of a finitely generated abelian group A. Let Pb ■ — > A be the 
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homoniorphism given by assigning Cf, to b where {e;, : b e B} is the standard basis 
for Z^. We call the exact sequence 

(10) ^ Lb ^ ^ A ^ Kb ^ 

the fundamental sequence associated to B. We also use the following notation for 
the derived dual 

(11) 0^ ^ (Z^)^ ^i^®Exti(Xs,Z)^0, 

where = (B S if 6 is the connecting homoniorphism for the long exact Ext 
sequence. We will also use the notation A^v for Ext^(if_B, ^)- 

In many cases, we will utilize the fundamental sequence when defining a stacky 
fan, but there are situations where we will need only the homomorphisms and the as- 
sociated groups. When B comes equipped with an abstract simplicial complex B C 
'P{B), one defines the fan Eg in as containing cones Cone{T) = Spaujj^^jef, : 
b £ t} for every t £ B. In this situation, we write Ss^g = (Z^, F, /3b, Eg) and 
Xb^B for the associated stack. If B is understood, we may write and Xb- Note 
that all stacky fans in the sense of [T^] and fantastacks from [5H] are obtained from 
this construction. 

Suppose A is a rank d lattice. Let A C A be a subset which aflinely spans A (g) M 
and Q = Conv(^) C A^. By a marked polyhedron we mean a pair (Q, A) where Q 
is a polyhedron, i.e. the intersection of finitely many half spaces in A (g) M. In this 
case, we take Q C A^ to be the finite set of primitive generators for supporting 
hyperplanes of Q. More precisely, for every b S A^ let rtf, = — min{6(z;) : v G 
Q}. Then 6 S Q if and only if 6 is primitive and {v £ Q : b{v) = ni,} is facet 
of Q. We note that the dual of the face poset of Q then defines an abstract 
simplicial complex Q on Q. The additional data of {Q, A) yields a positive line 
bundle 0{D^^) where ja — Sbgg'^&sJ^ G {JJ^Y and a Hnear system (C'^)^ C 
(CM)^=i/0(A'Q,g,O(i?,)). 

Definition 2.5. Given a marked polyhedron (Q, A), we say the Xq X-q g is the 
toric stack associated to A with boundary divisor dXq = ^Y,bs_Q <^b ' ^^^^ bundle 
Oa{1) ■■= 0{D^^) and linear system Ca C H°{Xq,Oa{1))- 

It is not hard to detail the correspondence of torus orbits to faces to the stacky 
case for a marked polyhedron {Q,A). For any face Q', we will write orb^/ C Xq 
for the corresponding orbit. 

The study of toric varieties and stacks from the perspective of marked polytopes 
places the linear system as a central object of study. Those sections that have 
singularities on various orbits of Xq will be of particular interest. Let A^ be the 
set of vertices of Q and yl„,„ = A — Ay. 

Definition 2.6. A section s G Ca C H'^{Xq, 0^(1)) is degenerate if Yg D orbQ' is 
singular for some face Q' of Q. If s = X^cteA (^aXa we say s is full if Cq, ^ for all 
a £ Ay and very full if Cq ^ for all a £ A. 

When Xq is a smooth stack, a degenerate section is a section which does not 
transversely intersect the toric boundary. The principal determinant. 



(12) 



Ea:Ca^C 
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is a polynomial which vanishes on degenerate sections. We also recall that the 
discriminant : £^ ^ C is a polynomial that vanishes on the closure of the 
set of sections with a singularity in the maximal torus orbit of Xq. It is worth 
mentioning that there exist sets A for which the discriminant is a constant. 
These cases yield toric varieties that are called dual defect and are studied in [20] . 

Our next aim is to review the procedure of equipping Xq with an invariant 
symplectic structure. We will follow the usual route of symplectic reduction [S]. 
We take T = {z e C* : |z| = 1} and, given any lattice F, we write Tr and tr ~ Fk 
for the real torus T (g) F and its Lie algebra. Recall the fundamental sequence 

(13) 0^ Lq^Z^ ^ A"" ^ Kq^O. 

We note that the toric variety ^ C is an open equivariant subset, so that 
restricting the standard Kahler structure on C'^ to X^^ yields the moment map 
: ^Ea ^ I^f given by 

(14) AiQ(zi,...,Z|Q|) = (|zip,...,|z|Q|p), 

where we have chosen the action of T^q on C*^ to be 

(15) (01, . . . , 0|Q|) • (zi, . . . , z„) = (e-2^«izi, . . . , e-2'^i«i z^^^). 

On the other hand, restricting to the T^— action gives the moment map = 
fig o where : t^^ — > is just tensoring with E and taking the dual. 
Choosing a value to in the interior of the image of /i^^ gives a symplectic form on 
Xq via the symplectic reduction 

(16) {XQ,u:) = [f,l'_{uj)/TL^]. 

If no choice of w is mentioned, we set lu = (Dj) and call this the standard 
symplectic form on Xq. Such a choice fixes Xq as a monotone symplectic stack, 
which can be thought of as a very stringent condition [49]. After having chosen 
a symplectic form on Xq, we recover the moment map of T^v on Xq by first 
considering = /3(A) and the moment map with respect to T^v. We have that, 
for this group, there is a splitting i : T^v — > T^q of /?. From the exactness of the 
modified sequence [T3] 

(17) ^ ^ ^ A^ ^ 0, 

we have that (Ia '■ Xq — > t^v ~ Ar is given by i* o fi^. To recover the actual 
moment map, we need only compose with the natural map A^ — > Ar inverse to the 
dual of the inclusion. These moment maps fit into the commutative diagram 

MZi(^) Xq 

(18) l^'Q j/'A 

Ak 

where /3g — (3^ + 7 for some 7 e with (7) — u) (note that a different choice 
will simply translate the moment map). 
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We observe that the image of the moment map on Xq can be seen as the inter- 
section of an afhne subspace ^(Ar) + w' with the positive cone K^^. For the case of 
the standard form, we observe that the image of fiA is Q itself. This can be seen 

~ V 

by utihzing in the above definition of /3q . 

2.2. Toric hypersurface degenerations. We now review the procedure for si- 
multaneous degeneration of a toric stack and its hypersurface (see [52] , [30|). 
Recall that A C A gives a subset of equivariant linear sections of a line bundle 
0^(1) on a toric stack Xq specified by the stacky fan Sgg. Given a section 
s G C H'^{Xq,Oa{^}) in the linear system defined by A, write J^s for its zero 
locus and call the pair (A'q,3^s) a toric hypersurface. Two such pairs, (A'q,X) and 
(Xq^Xsi) will be considered equivalent if there exists an equivariant isomorphism 
from Xq to Xq which pulls back s' to s. 

We recall the definition of a regular marked subdivision S — {{Qi, Ai)}i^i of 
{Q,A) from [35]. For each i & I, Ai C A and Qi = Com/{Ai), the union of the Qi 
is Q, and the intersection of any two Qi is a face of each. Note that the union of 
all Ai is not necessarily the set A. The added condition of regularity is formulated 
in the following way. Let 77 ; A — > M be any function and take 



(19) 



Q,, = Coiw{{a,t) e Ah 



(E A,t> r]{a)} 



to be the convex hull of the half lines defined by 77. Let fj : Q ^ R he the function 
(20) fiir)=mm{t:{q,t)eQ^}. 

By definition, 77 is a convex, piecewise affine function on Q. We say that rj defines 
the subdivision S — {{Qi,Ai) : i e /} if 

1) fj\Q. extends to an affine function q on A (g) M, 

2) ri{a) = (^i{a) if and only if a e A^. 

An example of a the graph {(a, 77(a)) : a G ^4} of the function r] and its associated 



polyhedron Q^j is illustrated in figure 2.2 





Figure 1.5* = {(Qi, ^i), ((32,^2)} and a defining function 77 



For any regular subdivision S, we take C^{S) to be the cone of all defining 
functions for S and C^{S) — {Z^Y n C^{S) the set of integral defining functions. 
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Write Cr(5) for its closure and CziS) (Z^)^ n Cr(5). For any 77 e C^{S), we 
define 

(21) A,^ = {{r,t) e A®Z:r e A,t <rj{r)} 

and write (Qr^^i, A^i^i) for the marked facet of (Q^, A^,) over Qi. 

We will now use integral defining functions to construct and study a degeneration 
stack of Xq. This technique follows that of Mumford in Let 77 € C^{S) and 



write for the toric stack Xa^ as constructed in 2.1 Recall that is in bijection 
with the facets of the polyhedron Q^- Then can be written as the disjoint union 

U Qj^ of two types of facets where v and h refer to vertical and horizontal 

V 

divisors. The first type, b ^ Q^^ consists of the lower boundary which are in one to 
one correspondence with all of the subdivided pairs {Qi, Ai) of S. The second type 
of facet in are the facets of Qn which are in one to one correspondence with the 
facets of Q itself. As always, the abstract simplicial complex on Q is dual to 
the face poset of Qr,- 

We notice that the combinatorics of the polyhedron and thus those of 
and Eg q are dictated by S and not 77. The role that 77 plays in the definition 

of Xr, is in the function fiq : Z'^'i — (A © Z)^. The sub-fan consisting of 
one cones in Q"^ projects via /3q to the discrete Legendre transform of 77 yielding 
the fan /3q (Ea,) C (Ar ® M)^ with 1-cones given by Pq (Q^) = {/ - lie/} 
where / = (0, 1) € (A Z)^. A subtle point about this formula is that, when Ai 
affinely spans a positive index sublattice of A, the element / — is not necessarily 
in (A © Z)^. In this case, it is necessary to take a multiple to obtain a primitive 
generator. We write c^^i G Z>o for the denominator of d<,i. It is not hard to see that 
c,;_i| [Affz(y4i) : A], so in general there are only a finite number of possible constants. 

As always, the stack X^i comes equipped with a line bundle 0,^(1) such that the 
vector space C"^'' is canonically identified with a linear system. The map 77 induces 
a natural inclusion i,, : C'^ C^'' given by 



(22) 



Definition 2.7. A degenerating family of {Xq^yg) is a toric hypersurface {X ,y) 
equivalent to a pair (AV,,X^(s')) ^'^'^ some a defining function 77 of a regular subdi- 
vision S of (Q,v4) and a very full section s' . 

We note that the stack X,^ admits a morphism F,, : A",, — > C. Taking C to be the 
stacky fan given by (Z,Z,N,/(i), we may describe as a map (/i,/2) of stacky 
fans 



(23) 



Z^'- (A®Z)^ 



/2 

z > z. 



Here, for every h G Q^, /i(ef,) = while for hi € corresponding to {Qi,Ai), 
/i(e(,J — Cri^i- The homomorphism /2 is simply projection to the Z factor. It 
is not hard to see then that the fiber of ('%'r;, 3^t^(s)) over 1 e C* is equivalent to 
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(Aq,3^s)- On the other hand, the fiber over zero can be seen to have components 
which are equivalent to the toric varieties (^-^Ai 7 3^s|a )■ This justifies the definition 
given above. 

It is useful to view the morphism F^i from the moment map perspective as well. 
Here we have that /i^jL (uj) C C*^'' defines the stack A",, after taking the quotient 

by Ti . Observe that the map F„ then can be defined on C'^i as the map 

(24) F,(zi,... ,Z|Q^|)= [] z,^-\ 

In other words, Fjj is invariant with respect to the '^Lq action and descends to F^^ 
on the quotient A"^ — [/^^A (a;)/Ti ]. 

Qr] ^ 

In general, the marking A should be thought of as a set specifying the non-zero 
coefficients of a given section. Let C Ahe the set of vertices of Q and call any 
toric hypersurface (A'q,3^,) if s G (C*)^" x C^"^" and very fuU if s e (C*)^. 

Definition 2.8. A toric degeneration of a toric hypersurface {XQ,ys) is a fiber 
(F^^(O), Fj^^{Q) n y) where Fjj : X ^ C is the projection associated to a degener- 
ating family of (Aq,3^s). If f e C, we write Z^(i) for the fiber F,^^{t). 

2.3. Secondary and Laff'orgue stacks. In this section we give an explicit for- 
mulation of several auxiliary stacks related to A. One stack we obtain is close to 
those defined in |45| and [3], but with a universal line bundle and section. 

We start by setting up more notation and recalling several general results from 
[46] . Again we assume >1 C A is a finite set which affinely spans A (g) M and let 
A" = LinN{(a, 1) e A ® Z : a G A} and = {{v,k) e A"}. We note that 
A*^ = {{b, — TT-b) : b G A} and Xa" is the cone of Xa- Recall that the fundamental 
sequence associated to A^i is 

(25) La-, Z^^' A ® Z ^ Ka-, 0. 

A marked polytope (Q, A) will be referred to as a simplex if Q is a simplex and A 
is its set of vertices. By a regular triangulation of A we mean a regular subdivision 
S — {{Qi, Ai) : z e /} such that every (Qi, Ai) is a simplex. The secondary polytope 
I](A) of A is then defined to be the convex hull 

(26) S(A) = Conv{(^T : T a regular triangulation of A} C Z^ 
where, if T = {{Qi,Ai) : i G /} is such a triangulation, 

(27) VT= ( I] Vol(go) eo GZ^. 

The next cited theorem connects the secondary polytope to the linear system La- 

Theorem 2.9 ([iB], 10.1). 

(i) The Newton polytope of Ea is S(A). 

(ii) EA{f)^UQ'<Q5AnQ'{fY^^-^^-^^'/^^. 

The product is over all marked faces Q' of Q and the exponent i{Q' , A) ■ u{S/Q') 
equals the multiplicity of any point on the orbit associated to Q' in the A-philosophy 
formulation of toric varieties. The factors are given as follows. Take the semigroup 
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S to be that generated by A'^ and for any face Q' C Q, take LinR((5') and Lmz{Q') 
to be the M hnear and Z Unear span oi Q' ~ {{a,l) : a E Q' O A} respectively. 
Then the index i{Q',A) is set to equal [AeZnLinR(Q') : Lmz{AnQ')]. The term 
u{S/Q') denotes the subdiagram volume of the semigroup S/Q' which is the image 
of 5* in A Z/(A Z n \jVii^{Q')) . We prefer this formulation over simply writing 
the multiplicity since our definition of a toric stack associated to a polytope does 
not coincide with the one given in [46j. However, we always have a dominate map 
from our Xq to theirs, namely, the map associated to the linear system given by A. 



Perhaps more familiar, from section 2.2 than the secondary polytope is the 



secondary fan. The cones of this fan are the cones Cr(S') for all regular subdivisions 
S. We write J't.{A) C (M"^)^ for the fan and cite the following theorem. 

Theorem 2.10 (gS], 7.1). 

(i) The secondary polytope S(^) has a single point as its image under Pa"- 

(ii) The fan J^t,{A) *s the normal fan of'E{A). 

In more detail, we have that /3a'=(S(A)) = (5q, (d + l)Vol((5)) where Sq = 
{d+ 1) Jq X dec is the dilated centroid of Q. We will define several stacks associated 
to S(v4) utilizing techniques from 2.1 Since Tj{A) does not aflinely span E"*, we 



cannot define X^[a) as before. Instead, choose any v G Z^ for which Pa' {v) = 5q 
and let 

(28) I]„(A) = {weLa. aA{w) + VE E(A)} c La- 

The stack X-^^j^A) is clearly independent of the choice of v, and we denote it simply 
^s(A}- detail the stacky fan in this case. Recall that ^v{A) C denotes 

the supporting hyperplane primitives for E„(A). By [46l 7.2], the set of supporting 
hyperplanes is {bs ■ S a coarse subdivision}. By definition, a coarse subdivision is 
a regular subdivision that is not a refinement of any non-trivial regular subdivision. 
A collection J C St,(A) is in the abstract simplicial complex B associated to St, (A) 
if and only if there is a regular subdivision S refining the coarse subdivisions {Sb ■ 
b E J}. These structures give the stacky fan Sx;^(^) = {Z^''^'^\L\, l3^=-jjj) for 

-yr 

To obtain more control over the hypersurfaces in Xq and their degenerations, we 
will need a more nuanced secondary stack than X^^^^-^ . Instead of working around 

the fact that 'S{A) does not span K"*, we extend the polytope S(A) to a polyhedron 



Qp{A) and apply constructions from section 2.1 This yields a stack Xq(^a) which 
we call the Lafforgue stack of A as the tone variety associated to it equals the 
Lafforgue variety as defined in 0S] . 

Definition 2.11. Let = {^aeA^ci^a Ca > — t} he a simplex in R-^ 

and A^, = U,>tAf . 

(i) The Lafforgue polytope Q{A) of A is the Minkowski sum T,{A) + Af , 

(ii) The Lafforgue polyhedron Qp{A) of A is defined as the Minkowski sum 
E(A)+A^i. 

To justify the name of these polyhedra, we recall the construction by Lafforgue 
f|45). [31) ) of a fan J^q^(^a) which refines the secondary fan Given a regular 

subdivision S — {{Qi,Ai) : i E 1} and a marked face {Qj,Aj) of the subdividing 
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polytopes, where Aj := r\j,= jAi for some J C /, we define the cone 

(29) CmiS, Aj) - {ry e Cr(^) : r;(e„) < ry(e/3) for aU , a € Aj, /? e ^}. 

We call the pair {S,Aj) a pointed subdivision and when Aj — {a}, we simply 
write Cs{S,a). It is clear that Cr{S,Aj) C Cr(S",Aj) if and only if S' refines 
S and Aj D Aj. In this case we write {S',A'j) ^ {S,Aj). By definition, the fan 
•^e(A) consists of the cones Cr{S,J). For certain classes of sets A, Lafforgue has 
shown that the toric variety associated to this fan yields a parameter space for toric 
degenerations of the variety Xj^. However, this paper is concerned primarily with 
hypersurface degenerations, so in order to relate this work to ours, we require a line 
bundle on the associated variety. Furthermore, to preserve information on toric 
isomorphisms, we wish to consider the toric stack construction along the lines of 
section [2^ We set out to accomplish both of these aims through the use of &p{A) 
and 8(A). First we verify: 

Proposition 2.12. The fan J^e(A) t^>-^ normal fan of to the polytope Q{A). 

Proof. It is not hard to see that J^e(A) is determined by the refinement on the 
maximal cones of J^s(A)j i-C- the cones C]^{S,Aj) can be described as intersections 
of CT^(Tj,ak) where Tj is a regular triangulation refining S and Aj = {a^ '■ k G K}. 
It thus suffices to show that C^{T,a) is the normal cone of the vertex 

(30) '/'(t,q) := <^T + Cq. 

Suppose if) € Cr{T, Of), T' is any triangulation and (T')*^ is the union of the markings 
of the simplices in T' . Then for any /3i, /32 G (T')° we have 

(V', <^(T',/3i)) - (V', '^(T',/32)) = (V'(/3l) - V'(/32))- 

Thus (^/i, 0(T',/3i)) > ("01 '/'(T',,32)) iff ^{f^i) ^ il'if^2)- III other words, the minimum 
that V' obtains amongst the vertices of Q{A) coming from T' + is the pointed 
triangulation (T',/3) where ip{(3) minimal. Choose f3 G (r')° to be such an element. 
By the definition of Cr{T, a), we have ip{a) < tp{j) for any j £ A. Using the result 
that the secondary fan is dual to the secondary polytope, we have 

(V','^(t,q)) = {-ip^M +ip{a), 

< (^,0t)+V'(/3), 

< (V',<^t')+^(/3), 

= (■0,<^(T',/3))- 

Thus Cm(T, a) C A^^^^ (0(A)). For the converse, one simply observes that both 
the dual fan to Q{A) and the fan J^e(A) are complete fans of with C{T, a) and 
]\[<P(T,a) both |A|-dimensional cones. As the number of vertices of 9(A) equals the 
number of maximal cones in J^e^(^), one inclusion then implies the other. □ 

This proposition gives us a polarization for the variety associated to the Lafforgue 
fan. However, if we wanted to obtain a polytope spanning K"^, we have missed the 
mark by one dimension. As in the case of the secondary polytope, we could restrict 
to the subspace spanned by S(A). However, it is more natural to consider the 
polyhedron 6p(A) C M"* and a scaled variant of its associated polarized stack 



•^OpiA) as in section 2.1 In other words, we will define a stacky fan 



(31) Se(A) = (z«''(^^(Z■4)^/3,Ee,(A)) 
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where the lattices and fan are equal to those for the stacky fan of Op (A) as in 



definition 2.5 but /3(et,) — ChBi, for some constants ct, G N which we now define. 



We start by examining the supporting hyperplane sections &p{A) and the asso- 
ciated fan Eg-py in M^p^'^). From the homogeneity of Ti{A) and the definition of 

Qp{A), it is easy to see that qa '■— J2aeA ^ 6p(^)- We take B — Op(A) — {qa} 
and observe that all 6 € B define supporting hyperplanes of ld{A). By proposition 
|2.12[ these elements may be identified with the minimal, two dimensional cones of 
•^QpiA) and, indeed, any element of B is contained in a corresponding normal cone. 
To identify the elements of i? C (Z"^)^ more precisely, observe that the minimal 
cones of Tq (^a) are described by pointed subdivisions (5*, Aj) which are maximal 
with respect to the partial order ^. Note that such subdivisions {S,Aj) may be 
partitioned into two types, those for which S = {{Qi, Ai) : i G /} is a coarse subdi- 
vision with Aj = Ai for some i G I, and those with S — {{Q, A)} and Aj — Q' DA 
with Q' a facet of Q. We write B^ for the elements corresponding to the former 
case and B'^ for those for the latter. The following proposition follows from this 
discussion and results in |46l 7.f]. 



Proposition 2.13. The hyperplane primitives Qp{A) are the disjoint union {gA}U 
QpiAf U ep{A)\ 



(i) If b G corresponds to {{{Q, Aj)}, Aj) and b G A*^ is the defining 
hyperplane function for Aj © {1} then there zs a Ch G N such that b — 

V 

(ii) If b £ Qp{A) corresponds to {S,Aj), then b = '7(5,^;) S ^'^(S') is the 
primitive defining function for S satisfying f7(s,Ai)|Ai — 0. 

Using this proposition and letting Cb ^ ^ for all b ^ Qp{A) , we take /3(e;,) = CbCb 
and write the following definition. 

Definition 2.14. 

(i) The total Lafforgue stack of A is Xq^(a) ■= 

(ii) The Lafforgue stack of A is Xq(^a) ■= Dqa- 

(iii) The universal line bundle Oa(1) on Xq^a) is the dual Xq^i^a)^ ■ 

(iv) The universal section sa & II^{Xs{a):Oa{^)) is the sum X^qgA^"- 

(v) The universal hyperplane yA C Xq(^a) is defined to be the zero locus of sa- 

Observe that we may take the star of qa in SopCA) which yields a fan Se(A) in 
combinatorially equivalent to the Lafforgue fan. The map /3e(A) • ~^ (Z"^)^/Z-gi 
then defines the stacky fan ^q(a) '■= tC^^)^ /i9A),^0(A), Pe{A)) which gives 
an alternative description of Xq(^a}- The advantage of detailing the total Lafforgue 
stack is twofold. First, Xq^i^a) is the total space of a line bundle Cq^(^a) over Ae(A) 
and second the polyhedron description of Xq (^a) yields an additional line bundle 

To give the last definition of this section we examine the diagram 



(32) 
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Here Pi is defined as sending all basis elements from {pa} U Op (A) to zero and 
b e 6p(A) corresponding to {S, A) to rribebg where rribbs = Qf^(6). This induces a 
flat morphism p = {pi,a^) from to <%'^(^)- 

Definition 2.15. The secondary stack is defined to be X^(^a) ■= and the map 
p~^ will be written as tt : A0^(^) — >■ The fine quotient oi p will be called 

the full secondary stack '■= ■ Write £a C X-^^a) for the puUback of the 

zero locus of E^- Using the coefflcients of the A-determinant for the section 
E\ e Oe(A)(1). 

We note that the full secondary stack has strata with infinite stabilizer groups, 
while all such groups in the secondary stack are finite. 

2.4. Toric hypersurface moduli. In this section we show that there is an affine 
open set Va C X-^(^a) which is identified with the moduli space of full hypersurfaces 
in Va- We emphasize here that by moduli space, we mean toric hypersurfaces 
up to toric equivalence, not up to isomorphism. This toric moduli space Va is 
an affine DM stack and is therefore much easier to control. We then show that 
the pullback C <^e(A) along the inclusion yields a universal toric hypersurface 
over Va- Finally, we prove that any toric degeneration i^^ : A'^ — > C can by 
obtained by pulling back Xq(^a) along a map p,, : C — >■ ^^(a) where is sent to the 
compactifying divisor A's(a) — Va- This gives meaning to the notion of as a 

moduli for hypersurface degenerations. We note that many of the proofs involved 
in this subsection may be drastically simplified if we add assumptions such as Xq 
being a smooth toric variety or even Xq having trivial generic isotropy. However, in 
our context, it is necessary to apply the propositions to more general toric stacks, 
so we add as few conditions as possible. 

Upon examining the constructions of the previous sections, one observes that 
the fundamental sequences of Q, Ti{A), Qp{A) all come into play, but those of 
the original sets are largely absent. We remedy this situation for A^ here. First 
recall that = C>{D^^) where ja = '^b^Q'^^b^X ^ and the maximal torus 

acting on 0^(1) is naturally identified with (Z'^)^ (g) C*. The choice of equivariant 
divisor means the action of {l/y ® C* on Xq lifts to one on Ca C H'^{Xq, C'yi(l)). 
Including scaling into the action, we obtain an (Z''®Z)^(g)C* action. The characters 
of this action are easily seen to correspond to the elements of A® c Z"^ ® Z. This 
leads to the definition: 

Definition 2.16. The A-linear system quotient stack is Xcj^ with stacky fan: 

(33) = ((Z^°)^A^ev,S,a^e) 
where E is the fan with unique maximal cone (Z^jj)^. 

While it is an elementary check to see that this gives the stack [£a/(Z''®Z)^«'C*] 
corresponding to hypersurfaces up to toric equivalence, it is slightly less obvious 
that there is a smooth affine Deligne-Mumford (or DM) substack of full subsections. 

Proposition 2.17. The substack Va C defined from the stacky fan 

(34) ((Z^')\A^eV,S',a^e) 
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with Yj' the fan with unique maximal cone given by [Z^" )^ is an affine DM sub- 
stack. 

Proof. Write = Z^"' ® z^"^" where A„„ and define the map 

(35) 51 :Z^° ^L^^e©Z^-' 

as 5i = {a\^e, 1). Note that 51 maps S' to an image fan S". 
Let 52 be the identity on L^e © Ext^(-?i'^e, Z) and 

(36) S' = {L\^e ®Z^--\L\e ®Ext\KAe,Z),T,",^) 

where (5 equals a* on Z'^"" and is the natural inclusion on a induced by the 
covariance of the fundamental sequence with respect to inclusion. Take X to be the 
associated stack and note that since 52 is an isomorphism and 13 o gi is surjective 
g : Va — > A' is an isomorphism. 

Since the kernel of P is trivial and E" gives a product of affine spaces and complex 
tori, the stack X, and therefore Va, is an afBne DM stack. 

□ 

We write Va for the open toric variety given by E" and ijjA '■ Va Va for the 
etale map with Galois group Ga = Hom(i4r^^e, C*). This map should be thought 
of as a quotient by torus automorphisms. Note that Ga also acts naturally on Xq 
by taking Hom(— ,C*) of the fundamental exact sequence for A^*^ and letting the 
additional C* act trivially. We take Ua = Va ^ Xq and define the universal toric 
stack over Va to be the quotient 

(37) Ua := [Ua/Ga]- 

Let s e H°{Ua, Cy ® Oa{^)) be the tautological section. It is clearly invariant 
with respect to the Ga action and we consider the pair Wa C Ua to be the universal 
toric hypersurface s = over Va- 

The following theorem shows that the secondary stack from the previous section 
is a compactification of the moduli stack Va of full sections and that the Lafforgue 
stack along with the section sa pulls back to the universal toric hyperplane. The 
compactifying strata correspond to reasonable degenerations of Xq. This is in 
analogy to the moduli space of curves and their stable compactifications which 
served as motivation for the definition. 

Theorem 2.18. There is an open embedding i : Va — > '^e(A)- If P ^ *(Va), then 
p is in a boundary divisor Dg where S = {{Qi,Ai) : i & 1} is a coarse subdivision 
and \I\ > 1. The puUback of yA C Xq(^a) is equivalent to the universal toric 
hypersurface over Wa C Ua ■ 

Proof. We first examine the open substack Xq^j^^ defined by the subfan consisting of 

only the coarse subdivisions {e^}aeA„„ and the elements in Qp{A) . More precisely, 
take 



(38) S„ = (Z*3''(^) ©Z^-^©Z^",(Z'4)^,S„,/3e^), 



where E„ is supported on the span Z®p(^) ®Z"*"" where it is the restriction of the 
normal to 8p(A). We note the obvious fact that I^q-j^ is onto. The image X^^^-^ = 
'''('^e(A)) easily seen to be equal to the colimit stack of p : X^^j^-^ '^e(A)- 
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make the following claim from which the first two assertions in the theorem easily 
follow. 

Claim: The stack X^^^^ is an open substack isomorphic to Va- 

We show this claim by observing that the image of every horizontal dual in 

h 



@p{A) is zero under p and that the image of e)^ is simply a^(e);^) G i^- As 
each supporting hyperplane for the coarse subdivisions given by non-vertex points 
uniquely map to their image in the secondary fan. This, along with the fact that p 
is flat, implies that pilz^ is a bijection onto its image which we write as F « (Z"^)^ 
with fan the image of I]„ which has the maximal cone given by basis elements 
corresponding to non-vertex. We have the pushout diagram 



(39) 



To sec this, observe that since p is an isomorphism on Z"^ and sends iPf^^^ 



to zero, the map k is simply the cokernel of [ 3^ ^j^y But by proposition 2.13 

have that the image of Pq-j^) I'estricted to Z®?^"^^ is the image of j3\ which has 
the indicated cokernel from the dual fundamental sequence for A. The described 
stacky fan data obtained on the bottom of the diagram defines the colimit stack 
and is identical to the stacky fan defining Va- This proves the claim. 

To see the second part of the theorem, one simply identifies Wa C Ua with 
yA n Xq(^a) '^e(A) through a similar argument. □ 

Finally, we describe the points on the compactifying divisor. 

Theorem 2.19. Every degenerating family {X ,y) of a hypersurface (A'q,3^s) is 
represented by a map v : C ^ <^e(A) • 

Proof. Let rj G Z"^ be a primitive defining function for the family {X,y) corre- 
sponding to the subdivision S = {{Qi,Ai) : i £ 1} with |/| > 1. Define a map 
: N — >■ by taking the a*{ri). The stacky fan S = (Ai,A2,S,/3) occurring in 
the fiber product C o,^ x^r A'e(A) has Ai w (Z'')^ Z from the Cartesian diagram 



(40) 



P2 



A. 



where ip := /^X ® and Pa — proj o | (^djv . To find Ai and E, we let be the 
fan obtained by intersecting (3^ ® inc{{R'^Y © R>o) with the Lafforgue fan and 
the primitive generators of its one cones. The map /?,, : Z-^'' A2 by evaluation of 
primitives gives the stack S,, = (Z-'"'' , A2, S^, /3^). For every t G B,,, we have that 

T = ^ Cbb 

bea{l)cep{A) 

for some maximal cone a. Let giicr) = X]beo-(i) ^b^b- It is not hard to see that the 
map g — (51, 1) then induces an equivalence between and the pullback S. 
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To see that is the normal stacky fan to {Qn,A^), we need only show that 
Bjj = A,j C Z'' Z. By the definition of the Lafforgue fan, r e S,, if and only if 
it is minimal and constant on Qi for some i. So the one cones of equal those 
of Ari- But both sets consist of primitives of their one cones on vertical divisors, 
implying the equality. 

To show that the pull back is isomorphic to (-^r;, 3^t^(s)), we prove any section 
of the form t^(s) can be represented by a puUback of the universal section sa- 
For this, we simply observe that the pullback of sa to (Dr,{l)) is v^*{sa) — 

J2a -^(a, »?("))• ^^'^ group Gs{A) acts transitively on the pullback of the space of very 
full sections of 0^(1)) up to equivalence. Indeed, from the fundamental 

exact sequence for A, it is easy to see that there exists a A e G^(^a} such that 
^~')i,a(*^) = J2a^aX(^aM'^)) {^"i Satisfying OC" =1 with J^a'^^a = 0. 

Any full section has a representative in this class, yielding the claim. □ 

3. 5-FRAMED SYMPLECTOMORPHISMS 

We begin this section by defining certain subgroups of symplectomorphism groups 
which we refer to as 9-framed groups. The symplectic orbifolds we consider have 
boundary divisors that are preserved by the symplectomorphisms under consid- 
eration. Moreover, we would like to distinguish between subgroups that fix the 
boundary tangentially and those that do not. This aim would be easily achieved 
were our boundary divisor smooth and the symplectomorphisms fixed the bound- 
ary divisor pointwise. However, neither of these requirements are satisfied in our 
setting, so we must introduce a more elastic notion of framing than the usual one. 

After defining the notion of a 9-framed group, we proceed to examine the geome- 
try of various symplectomorphisms contained in them. Up to Hamiltonian isotopy, 
the generators of our groups arise as monodromy maps around a singular sym- 
plectic orbifold. The type of permissible singularities that we will study fall into 
two classes. The first will be a toric degeneration of the symplectic orbifold into 
irreducible orbifolds glued along normal crossing divisors akin to the situation in 
complex geometry. The study of maximal degenerations of this type in the toric 
case was thoroughly analyzed in [1]. 

The second type of singularity we see is a stratified Morse singularity. This 
is studied in [^5], but only the non-stratified case has been understood in the 
symplectic setting We will examine the general case and give a geometric 

description of the monodromy. 

3.1. Definitions. Let {y,uj) be a symplectic orbifold of real dimension 2n with at- 
las L{ = {U/s, G^, 7r^)^gB. Most of the familiar constructions in symplectic geometry 
can be defined through the invariant manifold analogs in an atlas when working with 
symplectic orbifolds. For example, a Hamiltonian will mean a smooth function on y 
or, equivalently, a collection of smooth, compatible, invariant functions on (Ui, Gi). 
Likewise, its flow can be computed in y or, for short time on a relatively compact 
subset, in each chart of the atlas. Types of submanifolds (Lagrangian, isotropic, 
symplectic) , almost complex structures, Poisson brackets, symplectomorphisms are 
all defined locally and can be given precise meaning in the symplectic stack setting. 
We omit using the adjective "orbifold" for all of these terms throughout the paper. 
We leave the details of such definitions to the existing literature [3], [15], but will 
give details for structures that are less familiar. 
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We take J to be the spaee of compatible almost eomplex structures on y and 
D = Di + ■ ■ ■ + Dk a symplectic divisor, i.e. each Di is a smooth symplectic 
suborbifold of real codimension 2. If there is an integrable J G J and 3^ is a 
manifold, it makes sense to say that £> is a divisor normal crossing singularities. 
We extend this to symplectic orbifolds in the following fashion. For every Di and 
13 eB, take A(,/3) = 7r^7^(A)- 

Definition 3.1. Let J € J. 

(i) A symplectic divisor D will be called J-integrable if, for every Di and 
every 13 G B there are symplectic neighborhoods Vi of Di{(3) such that J is 
integrable on Vi and Di{f3) is a complex divisor in Vi relative to J. 

(ii) A symplectic divisor £) is a J-normal crossing divisor if, for every p G 
(li^jDi, there exists a J-holomorphic chart ip '■ ^iei^i — )• ?7 C C" near 
p G V such that ijj{p) = and DOV = ip~^{{{zi, . . . , z„) : z^^ • • • Zj^, = 0}). 

(iii) A normal crossing divisor is J-standard if for every point p G D above, there 
exists a J-holomorphic chart ip such that ip*uj = ojgt where cjst denotes the 
standard symplectic form on [/ C C". 

(iv) We say that a divisor is integrable, normal crossing or standard if there 
exists some J G J ior which it is J-integrable, J-normal crossing or J- 
standard. 

A consequence of having a J-standard normal crossing divisor is that the distance 
squared functions /i^ : 3^ — > M from Di (via the metric induced by uj and J) Poisson 
commute in ncigliborlioods of D. In other words, there exists an £j > for which 
{hi,hj} = on Ui n Uj where Ui = h'^^{[Q,ej)). Wc call any e < ej commuting. 
For any commuting £, we define pi = o hi where A"^ : M>o — > K>o is a smooth 
monotonic function satisfying 

It is easy to see that {p?, = on 3^. Given any t G K*^, we define r(t) to be the 

flow of J^JLi tiPt- The fact that the pi Poisson commute implies that T(ti -|- 12) = 
r(ti) o r(t2). It is best to think of these maps as rotations, or twists, about the 
components of the divisor. 

We take Symp(3^) to denote the topological group of symplectomorphisms with 
the C°°-topology and SympQ(3^) the identity component. 

For a Hermitian line bundle L over 3^, let Symp(L/3^) be the group of unitary 
line bundle automorphisms of L over symplectomorphisms of y and Sympg(L/3^) 
its connected component (not to be confused with those maps of L lying over 
Sympo(3^)). 

Given a standard normal crossing divisor D <Z y and a commuting e > 0, we 
define Symp(3^, D, e) to consist of symplectomorphisms of y which preserve the 
distance to each in a £ tubular neighborhood of D. Here we mean that for any 
(/) G Symp(3^, D, e), there exists a e such that (f)*{hi\uj) = hi for all i. Equivalently, 
we can consider Symp(3^, _D, £) to be the group of symplectomorphisms which com- 
mute with T(t) for every i. From this definition, it is clear the subgroup, 

(42) Te := {r(t) : t G M''} 

is contained in the center Z(Symp(3^, £), e)). It is an elementary exercise to show 
that the homotopy type of Symp(3', D, e) is independent of commuting e. Indeed, 
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using the symplectic neighborhood theorem and the condition of standard normal 
crossing, it is not difficult to see that each group is homotopy equivalent to the 
subgroup of symplectomorphisms of y which preserve each Di. We will write this 
group as Symp(3^, _D). 

For a normal crossing divisor such as I? C 3^, we write Symp(D) for the subgroup 
of xfLiSymp(A, A n (Uj^jDj)) consisting of {0J with (j)i\DinDj = (t>j\DinDj- 

We call a collection of line bundles L = {Li} where Li is a line bundle over Di 
compatible if iilD-nn, ~ ^DinD^L)]- A choice of such isomorphisms g = 
will be called gluing data. Given such data, we take Sympg(iy/£') to consist of 
symplectic line bundle automorphisms {tpi} of Li/Di which lie over some {<j)i} € 
Symp(Z)) and for which d(j)j\DjnDi = li,j{ipi)- We will simply write Symp(L/D) 
when the gluing data is evident. For example, in our context of a normal crossing 
divisor I? C 3^, we take N^y for the collection of normal bundles {Noiy} with the 
induced gluing data. 

Definition 3.2. Given 3^ with a standard normal crossing divisor D, we say that 
a compactly generated, closed subgroup F C Symp(A^£)3^/£)) is a 9- frame group of 



Let j : D ^ yhe the inclusion map and j* : Symp(3^, D) — )• Symp{Njjy / D) the 
restriction of the derivative. Given a 9-frame group F, we will say (p E Symp(y, D) 
is an F-framed, or framed, symplectomorphism if S F. Denote the group of 

F-framed symplectomorphisms by Symp^ {y,D). 

It may be the case that symplectomorphisms of N^y do not extend to those 
on y. Including such maps into the 3- frame group has no effect on the framed 
symplectomorphism group. To take care of this redundancy, we define a reduced 
framing as follows. 

Definition 3.3. A 9-frame group F will be called reduced if for every cj) E F there 
exists a-tp £ Symp(3^, D) such that j'^i'tp) = </>. The maximal subgroup F' '^'' of any 
9-frame group F consisting of such </> will be called the {y, D) reduction of F. 

Of course, the closure of the image i*(G) of any subgroup G C Symp(3^, D) is a 
reduced 9-frame group. An important class of these groups occurs in the following 
definition: 

Definition 3.4. A c^-gauge group is a 9-frame group contained in j'^iT^). 

The motivation for defining 9-gauge groups stems from the desire to exert control 
over a group similar to the group {S^)^ of complex multiplications on x^Lj^TVjj.J^. 
Such a group would keep track of rotations around the boundary divisor D of y. 
Unfortunately, for dim 3^ > 2, this group is not contained in Symp(A''£)3^/Z)) as the 
compatibility condition is violated. The 9-gaugc group and its subgroups can be 
thought of as an approximation to such a rotation group. 

One of the central points of 9-frame groups is to allow more flexibility than flxing 
the boundary and a normal bundle on it. In fact, this more restrictive case occurs 
as the framed group Symp"'"(3^, D) with the trivial framing 1 = {!}. This fits nicely 
into the more general framework as follows. 

Proposition 3.5. For any reduced d-frame group ¥, the map: 
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Proof. It follows from the definition of reduced framings that j'^ is the quotient of 
Symp^(3^, D) by the closed, normal subgroup Symp^ {y,D). Thus, to prove the 
claim, one need only show the existence of a local section around the identity which 
is an exercise in elementary symplectic geometry. □ 

This gives an important corollary. 

Corollary 3.6. Suppose Fi C F2 are reduced d-frame groups. Then there is a 
homotopy fiber sequence: 

(44) Symp^' {y, D) ^ Symp^^^ {y, D) 

f 1 

For a reduced 9-frame group F, we define F''^' to be the group generated by F 
and T. As all elements in Symp(3^,D,e) are required to commute with r(t) and 
F is reduced, F*"*^' is a central extension of F. The following proposition is then an 
elementary application of corollary |3.6[ 

Proposition 3.7. For any reduced d-frame group F, there is a homotopy exact 
sequence 

(45) Symp^iy, D) ^ 5?/m/"' (3^, D) ^ {S^f . 

Proof. We need only observe that F'''^' is a split finite dimensional central extension 
of F. Since F n T is closed in F''^', we have that F^'/F sa T/T n F w M' x [S^f . 
So by corollary |3.6| we have the result. □ 

Our primary examples of symplectic orbifolds arise as toric hypersurfaces of Xq . 
Generally, Q is not assumed to be a simple polytope and so the hypersurfaces will 
generally be singular along a complex codimcnsion 2 subspace ysing G D of y. To 
deal with these cases, we extend our notion of 9-framing. 

Assume that is a J-integrable divisor and let Tl{y, D) be a collection TZ = 
{<t>e ■ (3^j -D) — >■ {y,D)} of normal crossing resolutions of {y,D). We assume each 
(3^, D) is a smooth symplectic orbifold with J-standard normal crossing divisors, 
(j)%{uj) = Co off of an e neighborhood of ysing and (j)e is ( J, J)-holomorphic in a 
neighborhood of D. The ability to resolve singularities in this setting follows from 
the integrability condition of D and Hironaka. However, it is not clear that one may 
generally force the divisor to be standard in the symplectic sense defined above. To 
insure that there exists a non-empty TZ, we define: 

Definition 3.8. We say that (3^, D) is a standard symplectic stack if there exists 
a nonempty collection TZ. We call TZ a resolving collection of (3^, D). 

If (3^,1^) is standard, then Sym\)-j^{y , D) is defined to consist of all symplec- 
tomorphisms %() € Symp(3^ — ysing, D — ysing) that lift to a symplectomorphism 

G Symp(3^, ID) for all (3^, D) £ TZ{y, D). We note that this is the coarsest group 
that could be defined relative to TZ, ignoring any of the subtleties of the combina- 
torics of the distinct resolutions in TZ. Likewise, a (9-frame group F for a standard 
symplectic stack (3^, D) is a subgroup of Symp(A^£i-^j^„„g {y -ysmgl D -ysing) that 
has a lift to Symp(A^^3^, Z)) for every {y,D). The definition of the framed group 
Symp^(3',D) and the results above all hold in this case for obvious reasons. 

Our primary example of standard symplectic stacks arise in the toric setting. 
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Proposition 3.9. Suppose {X, dX) is a Kdhler DM toric stack, where dX is the 
toric boundary. For generic complete intersections y d X, taking D — dX r\y , the 
pair (y , D) is a standard symplectic stack. 

3.2. Toric degeneration monodromy. In this subsection, we obtain the local 
model for monodromy around a toric hypersurface degeneration. Assume {X^uj) is 
a symplectic orbifold of dimension n with r-dimensional Hamiltonian torus action. 
We write T for the torus, V (or i) for its Lie algebra and u : t — >■ Vect{X) the 
infinitesimal action. Let J be a compatible almost complex structure on X which 
is invariant with respect to the action and /i : A" — )• the moment map. 
We define the map 

(46) At : Ai(A') ^ HomR(t,i) 

by taking ^^(w) = dfj,p{Jvy) where fi{p) — u. Note that this is well defined only 
under the assumption that J is T'' invariant. Alternatively, we may think of the map 
K as giving the metric restricted to the infinitesimal action vector fields g\i E t^(X)t^. 
Given two vectors v,w € i, we will write 

(47) •= ['^u{v)]{w) =gp{v^,v^). 
Suppose we have the commutative diagram 



X — ^ 



(48) 



/ 



where F is holomorphic and fic = \ 

We assume that F has no critical values outside and let X° = X — F^^{0). 
Recall that ui defines a Hamiltonian connection on the smooth map F : E ^ B hy 
taking the horizontal distribution to be the symplectic orthogonal to the tangent 
space of the fiber. As usual, this allows us to lift any vector field on C* to X° via 

(49) ^ : Vect{C*) Vect{X°). 

Recall that the map /ic : C M is the moment map for complex multiplication 
by e~^**. We take p — —2izdz to denote its infinitesimal vector field on B. Note 
also that derivative of / at a point p gives a natural function df : ^ i. 

Lemma 3.10. Let p G X° and q = fJ-{p). The horizontal lift ^(p) of p at p is 
dependent only on q and is vs^ where Sq € i is given: 

Proof. Let p' = F{p) and Y G TpE. Observe, by the definition of the moment map 
and the commutative diagram |48[ 

^{'"df,,Y) = <dp{Y),df^,(^p)>, 
= d{fop)p{Y), 
- d{pcoF)p{Y). 

In particular, we see that Vdf^{p) e {TpF^^{p'))-^'-' and that diMc[dF{vdf^^^^)\ — 0. 
The latter equality gives us that p A dF{vdf^) = so that Vdf^ is a real multiple of 
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^{pp')- To evaluate this constant, let Vdf^ — 7p and define Vp as 
(51) dF{-fp) = Tppp,. 

We take inner product with p on both sides so that 

^ ^ {dF{jp),Pp'} 

^ {Pp'^Pp') 

dpc{JdF{^p)){l) 



MFip)) ' 
djpc ° F){Jlp) 
4/(/^(p)) ' 

dft,(p){dpq{JVdf^)) 

4/(g) 

{dfq,dfq) 



4/(9) ■ 

Letting = r~^dfq then gives dF{vs^) = Pp>, yielding the claim. □ 

Given any smooth function / : p{X) — > t, the vector field is easily 

integrated to (/){ : X ^ X where ^/(p) = exp{tf{p{p)))-p. Thus the previous lemma 
gives an explicit description of the symplectic monodromy map of F. Namely, take 
/ — ( ijg^^ijs^) dfq, and for any £ > the monodromy map is 

(52) 4 : F-^{e) F-\e). 

We now define the local model for a degeneration as a toric hypersurface degen- 
eration. To study the monodromy around such a degeneration, we first examine 
the monodromy with respect to the ambient toric variety and then adjust this map 
slightly near the critical points of the degeneration to obtain a characterization of 
the monodromy on the hypersurface. 

Recall from |2.2| that A C A gives a subset of equivariant linear sections of a line 
bundle £a on a toric stack Xq specified by (Q, A). If 5 = {{Qi, Ai)}i^i is a regular 
subdivision of {Q,A) and 77 : Q — K is an integral defining function of S, then we 
defined a toric hypersurface degeneration {Xjj,ys) of (A'q,3^s)- 

To perform symplectic parallel transport around the critical value of a degener- 
ating family, we choose the standard symplectic form uj on Xrf. The moment map 



Pri ■ ^ Ar©M can be found using techniques from subsection 2.1 The diagram 



18 for the polyhedra is 

CQ. f,^\u;) X^ X,, 



(53) 
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We recall that a degenerating family F,, : A",, — C associated to rj is defined by the 
diagram 



V , PH -1/ , 

X,^ < fi^ [uj] 



(54) 



where F,^ is given by the monomial JljeQ" -^i^ ' We recall that c^^i is the denomi- 



nator of d<;i where q — /3q^ (i) . One can fill in diagram 48 



(55) 



1^" 1^" 



where /^(ri, . . . , r|Q^|) 



Letting Y = {oj), we assemble the 



commutative diagrams 53 54 and 55 into the following diagram which defines 




Y > MP'i 






fv 



Recall from 2.2 that rj defines an affine function Ci on A for each i g / of the 
regular subdivision S = {{Qi,Ai) : i £ I}. The following proposition gives an 
explicit characterization of as well as the monodromy of Fjj around 0. 

Proposition 3.11. Let (r,t) be coordinates for A]r(SR. Then can be written as 

(56) h{r,t)=l[[c,4,,{r)-t)r--. 

iei 

The normalized derivative n .^^^'''il*'' — c(f(r t) converges uniformly to c'l]{d(;i — dt) 
on compactly supported subsets of the interior of Qn.i- 

Proof. For the first part of the claim, we re-examine the map Recall that 

the definition of /3g- : ifi^i gave l3Q-{eiy) as a minimal supporting 

hyperplane for the facet b of Q^. Now, for every i ^ I, we write as the sum 
Li — rUi of a linear function Li £ Aq and a constant mi. Notice that Q^a) > r]{a) 
for alia € A with equality iS a € Ai. Let = (0, 1)^ g A^ ® and observe that 
{Li — /^)(a,7?(a)) > nii for all a £ v4 with equality on the supporting hyperplane 
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Qi. We see then that P-Qiei) — c,f^i{Li — /^) and that the order of D along Di is 



ni — Crf^iirii. This impHes that 7 
for any i ^ I, the composition 



/3^ + er(7), 



But the function r,- 



is induced from e( so that the composition e( o /3X_ 
above occurs as one monomial in the expression for 

We use this and the concavity of 77 for the second claim. Before proving this 



though, we observe that, letting R = (ri, 
easily be derived to be 

r4ri 



) G MP^-i , the map k for 



'1 can 



(57) 











4ri 







This restricts to the map k on Ai 
now calculate 



after the substitution r.i — Crjisi — t). We 



(58) 



d^(R) = ^(R)-^^dr,. 



Then utilizing the normalization factor, the formula above for k and computing 
away from Qn^i we have: 

4/(r,i) .„ 4 



Il4f(r 



.*)llK(r,t) 



1 



E 



d{^i - t), 



K(r,t) 



From the observations above we have {<ii — t)\Q^ . =0 and is positive on the rest 
of Q,y In particular, for any relatively compact open subset Ui C off the 
intersection (jJj^iQrij) H QTj,i, we may set — t)(r,t) — sj > C > for all j ^ i, 
(r, t) £ Ui. Taking (r, t) to be in a normal neighborhood of Ui, we then have 



lim 



4/(r,t) 



IM/(r 



lK(r,t) 



lim 



E,#. 



77,2 



□ 



We now take a moment to explain the meaning of this proposition. Combined 
with lemma |3.10 the first part of the proposition gives an explicit formula for 
monodromy of Xq about a toric degeneration. In the second claim we obtain 
the qualitative behavior of this monodromy with respect to the degenerated com- 
ponents. Namely, on the component Xq. of the degeneration, we have that the 
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Figure 2. Regions of finite order monodromy 



limiting transformation of the monodromy map equals a toric map (i.e. multiplica- 
tion by an element of the isotropy group of {Xq. , 3^^) for any given s). Thus we find 
that the symplectic operation of parallel transport, which is very far from being 
holomorphic, limits to a holoniorphic map on the degeneration. 
We write these observations as a corollary. 

Corollary 3.12. For a regular subdivision rj and any sufficiently small e > Q, 
there is an induced decomposition Xq — Ui^jUi such that degeneration monodromy 
relative to rj is the convolution of toric multiplication exp{c~\dr]Q.) on each Ut along 
e neighborhoods of their intersections. 

To obtain the structure of parallel transport on the hypersurface, we simply 
define an appropriate perturbation of these maps which preserve the hypersurface. 
This is a less elegant approach than the straightening lemma of [T] , but one which 
works for arbitrary toric degenerations and yields a description that is Hamiltonian 
isotopic in the maximal case. We only need to assume that the defining section 
s is in the complement of the ^-determinant. Since our hypersurfaces are fixed 
in the degenerate fiber by the monodromy map, the ambient toric monodromy 
approximates the hypersurface map up to a negligible factor. 

To describe the hypersurface monodromy map, let 2^,)(0) = Uig/Zi(0) be the 
components of the degenerated hypersurface and gi : Zi{t) Zi{t) the Kahler 
automorphism corresponding to exp{c~ ^dr/q^). 

Proposition 3.13. Assume Ea{s') ^ 0. There exists a decomposition of Z,i{t) = 
Ui^jVi such that Vi ~ Zi(0) — dZi{0) and the monodromy map (pri : Z^ilt) — !■ Z^iit) 
equals gi on Vi off a e neighborhood Vi{e) of dVi, and is interpolated smoothly over 
Vi{e) by a Hamiltonian flow. 

3.3. Stratified Morse singularities. In [53], it was seen that symplectic mon- 
odromy around a Morse singularity has infinite order in the symplectic mapping 
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class group for any dimension. In this paper, these types of singularities are en- 
countered as a nondegenerate case. For the degenerate case, we need a different 
model whose critical fiber is in fact smooth, but fails to transversely intersect the 
boundary divisor. Restricting to the boundary divisor, we see a Morse singularity 
and expect that the monodromy on the ambient space extends the monodromy of 
the restriction. 

We have one essential obstruction to pursuing this naively. Namely, if our parallel 
transport map preserves a boundary divisor 2? in y, then P must be horizontal 
relative to the symplectic orthogonal connection. On the other hand, if a smooth 
fiber does not intersect V transversely at p, then the symplectic orthogonal will 
be normal, or vertical, to T>. This holds for all symplectic connections in ^l^{y). 
We resolve this difficulty by considering a singular connection on V and show that 
the parallel transport vector field extends over the singularities and preserves the 
symplectic form of the fiber up to a negligible factor. 

Let t/ C C" to be a neighborhood of zero, D{m) = {ziZ2 ■■ ■ Zm = 0} <^U and 
D[m] = '^iLiDi n U. Given a linear function L : C" C with nonzero restrictions 
to each coordinate line, we let /l : f/ — )• C be the function 



While this map is smooth, the fiber over zero docs not transversely intersect the 
divisor D{m) along at 0. We call such a point a degenerate point and its value 
a degenerate value. 

Definition 3.14. Let 3^ be a symplectic orbifold with normal crossing divisor 
D = U^iA and p e n^^Dj. We say that a function / : ^ ^ C is a stratified 

Morse fimction at p relative to D if there exists a holomorphic chart cj) : {U, D{m)) ~> 
{y, D) centered at p and a linear function L : C™ — )■ C such that f ocj) = fL+ f{p). 
In this case we say that / is stratified with codimension m, p is a degenerate point 
of / and that f{p) is a degenerate value of /. 

In the non-stratified setting we have a useful criteria for deciding when a function 
is Morse. A similar tool, whose proof is straightforward, is available in the stratified 
case. 

Proposition 3.15. Let f : U C be a holomorphic function. Then f is a stratified 
Morse function at relative to D if and only if i) dfo ^0 on any coordinate space 
properly containing ii) d/o(2o-D[TO]) = 0; ('■iT'd Hi) Hesso{f) is non-degenerate 

on ro£>[„] . 

Let D be a e radius disc about the origin in C and i/ = fZ^iD) C C. As was 
pointed out above, the symplectic orthogonal connection on //,:[/—>■ needs to 
be corrected in order to preserve the boundary D{m). We implement a form of 
Moser's trick by integrating a path of equivalent symplectic forms, perform parallel 
transport relative to the corrected form and then flow back to the standard form. 

Let p : M>o — >■ ]R>o be a convex function which satisfies 



(59) 



fhizx, ...,Zn)= L{zi 



5 • • • , Zm) + 2 i^m+l + • • • + ^n) • 



(60) 




for r < £ 
r > 2e 
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Then define oje on C" to be the symplectic form obtained by the Kahler potential 

m m+1 

(61) Ps{zi,...,Zn) = '^Ps{\Zi\) + ^ \Zi\'^. 

i=l i=l 

It is clear that is a smooth symplectic form away from D(m) and singular 
on D{m). While singular, an elementary application of Stokes theorem shows 
that the integral is constant on any closed disc with boundary outside an e 

neighborhood of D{m). Let be the vector field which is the fiberwise dual of 
the 1-fornis d''{p — Pg) with respect to f^. Then may be integrated on all of U. 
Indeed, a quick check shows that the vector field defined by X^ is locally Lipshitz 
on U — D{m). We denote by $t : C/ C/ the singular symplectomorphism obtained 
through the integration. 

Definition 3.16. For any stratified Morse function / : 3^ — > C, we will call con- 
jugation of parallel transport around relative to coi by $i modified symplectic 
parallel transport. 

We now investigate the local behavior of modified symplectic parallel transport 
for /i : C" — > C. As the computation is local, we may extend the symplectic form 
coi over all of C" as 

(62) ^ dz,Ad-zA. 

\i=l ' i=m+l / 

Let L{zi, . . . , Zm) = ciZi + • • • CmZm and note that we may change coordinates by 
multiplying Zi with e~^'"f('=')' without affecting the map so that we may assume 
Ci G Giving C the coordinate w, it is easy to compute that the horizontal lift 
of the vector field dw at z = {zi, . . . , Zn) & U — D{m) is 

(63) 

^ / m n \ 

Our goal will be to understand parallel transport around 0. As a first step, we 
examine the negative flow along the path : M>o — >■ C where ^vc{t) = t. Let Fp 
be the fiber of our function over p and (pt ■ Fp ^ Fp-t be the parallel transport 
map for p > t. Define T = {z G /^"'^(M>o) : limj^^^(2) 0t(z) = 0} and L = {z G 
Fi : limt_>.i (/'t(z) = 0} to be the vanishing thimble and cycle respectively of Jl- 

Proposition 3.17. The vanishing thimMe and cycle of Jl are 

where A^-i is the (m— 1)- dimensional simplex, S"'~"^~^ is the sphere and* is the 
join. 

Proof. To find T, we obtain the flow lines of —^m which gives the parallel transport 

along jyc- Let be the vector field 

(64) 

m n 

^m = -{cl\Zl\-\ \-cl,\Zm\ + \Zm+l\'^ + --- + \Zn\'^)Cm = ^Ci\Zi\d^.+ ^ 2,5^,. 

i=l i=m+l 
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rf = 2, m = 1 



d — 3. m — 1 



d = 3, m = 2 



Figure 3. The vanishing cycle as a join L w A,„_i -k 5" 



Any flow line of i^rn is a reparameterized flow line of —^m- To see that elements 
with non-zero imaginary part do not lie in the thimble, we let g : C" — > M be 
g{z) = ||/m(z)|p and suppose a : {—e,e) — ?> C" is a flow line of fm with q(0) = 
(Ai, . . . , A„). Note that a'(0) = i?e(a'(0)) +i/m(a'(0)) = [i?e(Q)]'(0) + [/m(a)]'(0) 
so that 

(65) [ImHUO) = (0, . . . , 0, /m(A™+i), • • • , /m(A„)) 
and 

n 

(66) (goa)'(O)- /to(A,)2>0. 

2— m+l 

This implies that flow lines have non-decreasing imaginary norm, so those that flow 
to zero must be in M". But for (ri, . . . ,r„) E M", there is an explicit solution to 
Vm given by 

(67) a{t) = (cirie-^'sn(ri)t^ ^ c^r^e-^'s"^''™)*, r^+ie"*, . . . , r„e-*). 

From this solution, it is clear that T = M^g x M""™. 

The fact that IR>g x ]R"~™ n Fi is the stated join follows from the general 
argument given in |4.11[ □ 

We illustrate a few examples of these vanishing cycles in figure |3] In general, one 
would hope that these cycles could appear as natural objects in a Fukaya-Seidel 
category, perhaps with a partial wrapping around the stratifying divisors. 

We now give a description of the monodromy map around the stratified Morse 
critical value. We will examine only the case where Ci = 1 for every m + 1 < i < n. 
The case of a more general L only affects the isotopy class of the map if a restrictive 
9-frame group is considered, otherwise, we may isotope to this case. Let ip : C" — > 
C" be given by the map 

(68) (p{wi,...,w„) = Qwi,...,^u;^,w„i+i,...,w, 

Observe that :— Jl o ip{wi, . . . ,Wn) = 1/2 X)""^! ^-i^d thai (p*u!i — ujst so that 
the diagram 



(69) 



C",w,t) (C",c^i) 

h I fL I 



commutes. This immediately implies that, off of D{m), the parallel transport vector 
fields are mapped to each other via tp. In fact, it is easy to show that this description 
extends over D{m). 
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The symplectic monodromy around relative to the function /l describes a 
spherical twist as described in |54| . Furthermore, this map is invariant with respect 
to the (Z/2Z)™ action. In order to understand the monodromy for on the 
quotient, we take a moment to recall the formulation of the spherical twist with 
respect to /l. We take T*S"^^ ~ /l ^(1) to be the cotangent bundle of the (n— 1)- 
sphere. Taking g to be the constant curvature 1 metric on S"'~^ we have the 
dual metric g* on T*S"~^ and consider H : T* S^^^ — > M to be the Hamiltonian 
generating geodesic flow [50] and its vector field. By rescaling off of the zero 
section Z C T*S"'~^, one obtains a vector field whose time one fiow can be smoothly 
extended to all of r*5"~^ by taking the antipode map on Z. The resulting map 
(/) has support on a ball neighborhood of Z and is Hamiltonian isotopic to the 
spherical twist. 

We would like to utilize this description to understand the stratified case above. 
Let (j) : /^^(l) /l ^(1) be the monodromy map for /l and let G = (Z/2Z)" 
be the group acting on T*S"'^^ by multiplying the i-th coordinate by ±1. We 
decompose Z into 2™ regions Z = Ug^cZg defined as 

(70) Za = {{wi, ...,Wn)e S""-^ : u;, > for aU 1 < i < m}, 

and Zg = g ■ Zq. We let T* Zq consist of pairs {w,v) such that, if w e dZo, then 
v{i') > for all inward pointing tangent vectors v G T^Zq. Then T* Zq forms a 
fundamental domain of (1) ramified over the boundary dZ^. 

Now, by restricting <j) to any fiber TpS^~^ and projecting to Z, we obtain a de- 
composition of each such fiber TpS^^^ — UggcZp g. Identifying T* Zq with /^^(l), 
the monodromy map (f> takes (p, w) G Zp^g to g^^ip{p,v). Qualitatively, we observe 
that a given fiber of T*Zq k,T*L wraps around the zero section 2™ times with one 
crossing. The map on the vanishing cycle is seen to be the join of the identity on 
the simplex with the antipode map on the sphere. 

3.4. 9-framed Lefschetz pencils. In this section we address certain transitions 
in framings for symplectomorphisms arising in monodromy calculations. We assume 
(3^, D) is a Kahler orbifold with standard normal crossing divisor D ^ Di + - ■ • + -D/c, 
i.e. it is a symplectic orbifold with a specified J € J that is integrable everywhere. 

Take C to be a 1-dimcnsional DM stack with coarse space . Let tt : 3^ — >■ C be 
a map with determinant values Det(7r). Recall that these are values for which tt is 
either singular, or where TrjnigjDi is singular. 

Definition 3.18. We will say that tt defines a 9-framed Lefschetz pencil if a; £ 
^"^{y) is isotopic to some Cj for which D is horizontal and such that there is a 
covering {Ui} of C such that tt : 'K~^{Ui) — > Ui is either a smooth proper fibration, 
a normal crossing degeneration or a stratified Morse function for every i. If {y , D) 
is a standard Kahler stack with resolving collection TZ, we say that tt is a 9-framed 
Lefschetz pencil if Trof/i^ : 3^ C is a 9- framed Lefschetz pencil for every {y, D) E TZ. 

We note that the definition of Lefschetz pencil given in [21] is generalized by 
the definition above. The notion of a partial Lefschetz fibration given in [3D] can 
also be put in this framework. However, our principal example of a framed pencil 
is obtained from considering stacky curves in Xs{A) where A satisfies some basic 
conditions. 

Theorem 3.19. Suppose A dW/^ defines the marked polytope {Q, A) such that for 
every face F of Q either orbp has a smooth neighborhood, or {F, A F) is dual 
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defect. Let {yA,dyA) C Ae(^) be the universal toric hypersurface with boundary. 
Suppose C is 1- dimensional and i : C ^ <^s(A) an embedding which transversely 

"{yA, dyA) C is a d- framed pencil. 



Suppose C is 1-dimensional and i ; C 
intersects the E'^ determinant. Then n 



Proof. Let Ea = IlAiCQ ^® product decomposition of Ea as in [Hj. Recall 
that this is indexed by faces Qi = Conv{Ai) C Q. Under the conditions above, if 
the orbit Xa^ does not admit a smooth neighborhood then A^. is constant. So we 
may assume that all Ai indexing A^^. do admit smooth neighborhoods. 

Since every intersection point p G j(C)n{A^; = 0} is transverse, we have that the 
point p is a smooth point of A^. and not in {A^^ = 0} for any other i. This implies, 
by proposition 3.15 and the definition of discriminant, that tt : i* {yA,dyA) — > U 



is a stratified Morse singularity in a neighborhood U of p. 

For every p e i{C) D dX-s^A)^ theorems 
borhood U oip such that tt : i* (3^a, c^3^aJ 
0iZA{q)=TT-\q)i0Y qeU -{p}. 



2.18 and 2.19 imply that there is a neigh- 



77 is a tone hypersurface degeneration 



□ 



All of the results on symplectomorphisms will be obtained by parallel transport in 
a 9-framed Lefschetz pencil. However, the parallel transport map occurs naturally 
as a functor in higher dimensional settings. We take a moment to fix notation for 
the general set up, and quickly return to the 1-dimensional case afterwards. 

Given a stack X with atlas {Ufj^Gi3,'Kfj)p^B, let n(A') be the path category of 
X defined by taking objects p € UUp to be objects and morphisms Hom{p, q) — 
{7 : [0, 1] — >■ A" : 7(0) = _p, 7(1) = q}. We can think of this category as an (00, 1)- 
category, as morphisms do not compose associatively. 

Given a bundle tt : {y, dy) — >■ A" of standard symplectic stacks over X and a 
symplectic connection which preserves their boundaries, we write parallel transport 
as a functor 

(71) P : U{X) Symp 

where Symp is the category of standard symplectic stacks. This map takes p £ X 
to 7r~^(p) and a morphism to the map obtained by parallel transport. We will abuse 
notation and also write P : ilp{X) Symp(7r~^(p), 97r~^(p)) for the restriction to 
based loops. As indicated by theorem |3.19[ the primary example we consider is 
X = {X-^(^A) ~ ^a)- Using this theorem and this general parallel transport map, we 
define: 

Definition 3.20. For any point p G {X^(^a)—^a) ^ct Gp C no{Symp{ZA{p),dZA{p))) 
be the group of components of the image 'P{il.p{X^(A) ~ ^a))- 

For any 9-framed Lefschetz pencil, for q E C — Det(7r) and take Zg — 7r~^(q) to 
be a smooth fiber with dZq — Zqf] D. If the q is a chosen base point, we simply 
write Z and dZ. Note that the definition above ensures that every fiber outside 
Det(7r) transversely intersects D, so {Z,dZ) is a symplectic orbifold with standard 
normal crossing divisor. 

The connection given by the modified symplectic form Co yields a parallel trans- 
port map that preserves the boundary, which we write as 

(72) P : f7q(C - Det(7r)) Symp(Z, dZ), 
where ilq is notation for piecewise smooth based loops at q. 
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A key point is that when we examine local monodromy, we may utilize the local 
model descriptions to analyze the symplectomorphisms as framed maps with respect 
to a reasonable 9-frame group. However, as we extend to the global pencil, these 
maps loose their framing in the holonomy. Another way of saying this is that, up 
to homotopy, if we omit a point £ C ~ Det(7r), we may define a 9-frame group 
F which is tightly controlled on parts of dZ and obtain, up to homotopy, a lift 

(73) Poo : rtgiC - Dct(7r) - {q^}) ^ Symp^(Z, dZ). 

However, to extend the map to flq{C — Det(7r)), we need to relax our 9- frame group 

Let us now define the 9-frame group of a (9-framed Lefschetz fibration. For this, 
we let dZ = Y.i=i A- 

Definition 3.21. A boundary component Di is called rigid if there exists a sym- 
plectic orbifold Ci and a branched cover l : Ci ^ C such that Di — dDi f« {Di — 
dDi) X Ci and i* {T^\Di-dDi) is projection to the second factor. 

We say that a face C Q is a simplicial face if is a face of Q and _F n A is an 
affinely independent set. The following proposition may be seen from the fact that 
simplicial faces of Xq occur in trivial families as substacks of tt : — > <%'s(yi) ■ 

Proposition 3.22. If i : C ^ X^{A) pulls back tt : yA '%e(A) to a d-framed 
Lefschetz fibration and Di is a divisor associated to a simplicial facet of {Q,A), 
then Di is rigid. 

Now, let Det(7r) = {gi, . . . , qjy} and take Bg{p) to be a disc of radius e around p. 
We take B — {71, . . . , 7Ar} to be a set of embedded paths from [0, 1] to C such that 
7i(0) = q, 7i(l) = qi and, for i ^ j, ^i[t) = ^j{s) iff t = s = 0. We also assume that 
7j'(0) is ordered counter-clockwise. Such a collection is known as a distinguished 
basis of paths |15| . For any such distinguished basis and any 7^, we define the loop 
7I by following 7^ until reaching a distance of e, circling around the boundary of 
Bg{qi) counter-clockwise and following 7^ back to q. For s sufficiently small, we 
may apply a Hamiltonian perturbation to the connection so that (j>i — Poo(7f) is 
a degeneration monodromy map or stratified Morse monodromy map as presented 
in the previous sections. We divide {1, . . . , N} = IdU Im into those points of toric 
degeneration monodromy and stratified Morse values respectively. 

For i G Im, we let Li C {Z, dZ) be the vanishing cycle pulled back along 7^ and 
write Si = {j : Li n Dj 7^ 0} for the set of divisors that intersect the vanishing cycle 
of 7;. Let Ki be a relatively compact neighborhood of dLi and K — UiKi. By the 
results of section |3.3[ we have that 0^ can be viewed as a symplectomorphism with 
support in Ki. For i S J^, let 77^ : Q — >■ K be the defining toric degeneration at qi 
and take Si — {j : rji is not linear on dQj}. In other words, the degeneration of Z 
at qi also degenerates Dj. We take T = {1, . . . , fc} — UiSi and observe that every 
boundary divisor Dj is rigid if j € T, as in the previous proposition. 

Now, for i e Id, we have that r]i e (Z"*)^ defines affine functions Ti j on the 
components Qj of the subdivision defined by rji. For each k G Si, let i^k be the 
normal direction to dQk and define di_k to be d^^Ti^k. Let 

(74) M,^;^ = {(n, . . . , rfe) : e M for j ^ S^r^ = O(mod d.^)}, 

= Xig/^M^^, and T^, = {T{r) : r e K^J. We take T^r to be the group generated 
by the subgroups T^. over all i £ Id- 
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Definition 3.23. Let tt : 3^ — > C be a (9-franied Lefschetz pencil. The 9-frame 
group F e Symp{Ni)z2 /dZ) associated to tt is given by the collection of maps 
whose restrictions to Uj^xDj are contained in the restriction of T^r- 

We note that if every components of the boundary of Q is degenerated or bounds 
a stratified Morse singularity over some qi e Det(7r), then F equals Sy"mp{NgzZ /dZ). 
On the other hand, if Q is simplicial, then F is a discrete subgroup of T. Ideally, 
one would like to obtain more control over the 9-framing for the non-rigid boundary 
components and incorporate this into a formula such as the one in |3.25[ but this 
is currently not within our sight. However, we may use the results of the previous 
sections to prove: 

Proposition 3.24. If n : y ^ D is a d-framed Lefschetz pencil and q^o is chosen 
as above, then there exists a symplectic connection for which 

(75) Poo : nq{C - Detin) - {q^}) ^ Symp^ [Z , dZ) , 

where F is the d-frame group associated to tt. 

Proof. For every i £ Im, we have, by definition, that the divisors supporting the 



degenerate point are horizontal with respect to a). As described in section 3.3 the 
monodromy is Hamiltonian isotopic to a map supported on the relatively compact 
neighborhood Ki. Since this neighborhood can be made to be disjoint from all 
Di with i £ T, the restriction of the map to the framing group F is well defined. 
Indeed, the monodromy map is the identity on any rigid Di. 

□ 

We observe that for 9-frame groups associated to 9-framed Lefschetz pencils, 
the exact sequence in proposition |3 . 7| yields the fiber sequence 

(76) Symp^(Z, dZ) Symp^"' (Z, dZ) ^ R'^/R^^. 

Note that the last group is homotopic to {S^Y where t < 

Now, write 7 for the concatenation o ■ ■ ■ o which is independent of the 
distinguished basis. Let N{'-f) be the normalizer of 7 in the group tti{C — Det(7r) — 
{Qoo})- We write for the free group on k letters and, utilizing proposition |3.5[ 
we obtain the commutative diagram 

iV(7) > Fn > Fn-1 > 1 

IP] 

MiS'Y) noiSymp^ {Z,dZ)) > 7ro(Symp^"' (Z, az)) > 1 

The image of 7 under g will be of particular importance in the coming sections. 
Under the restrictions laid out above though, there is an explicit formula for this 
map: 

Proposition 3.25. // tt : 3^ — > C is a d-framed Lefschetz pencil, then, for every 
i , there exists a section Si : Ci ^ Di such that 

k 

(77) e(7) = 5Z 

i=l 

where a; — s*{ci{NyDi)) and Ci is the loop in Symp{NgzZ /dZ) corresponding 
to rotation around Di . 
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Proof. By definition of rigid boundary divisor, for every i £ T, the restriction 
of TT to Di is trivial onto its image Q C C. Over the contractible subset Uq — 
Ci — {Qoo}, we may triviaUze Nj^ Zqi uniformly for all q' £ C — {(?oo}- Likewise, in 
an open neighborhood Ui of goo, we may trivialize Nj^ Zqi. Taking a circle 5 in the 
intersection L/q H [/i, we see the transition function may be made uniform fiberwise. 
The multiplicative factor of the transition function on the normal bundle restricted 
to 5 is given by the transition function on Njj.y restricted to Ci x {p} C Di. The 
winding number is given by the Chern number of s* {Nd. y) where j : Ci ~> Di is a 
section. On a normal neighborhood of Di in Z, this is the restriction of T(t) to Di 
where t = (0, . . . , 0, a^, 0, . . . , 0). Adding these together for each rigid component 
yields the claim. □ 

We end this section by defining a subgroup of the framed symplectomorphism 
group of a toric hypersurface. 



3.19 



and i : C ^ '^^(A) an 



Definition 3.26. Let A C Z'' satisfy the hypothesis of i 
embedded curve. The group Gc = Poo(j*(f^p(C —C C\ E%))) C Z^(i(p)) will be 
called the C subgroup of Symp(Zyi(z(p)), 



One of our stated goals is to understand generators and relations for the group 
Qa '■= P(^^p('^s(A) ~ ^a))- We may reduce the of complexity of this problem by 
examining 9-framed Lefschetz pencils and their monodromy. 

Proposition 3.27. Assume that Xy.(A) does not have generic isotropy. For any 
embedded i : C ^ '^s(yi) for which [C] is dual to a very ample line bundle C, the 
group 7ro(Gc) surjects onto G. 

Proof. For a very ample line bundle C with equivariant linear system V we have 
an embedding on the coarse space j : ^^(a) — > P(T^). The Lefschetz hyperplane 
theorem gives a surjection from the fundamental group of the curve arising from a 
linear section of — Ej^) and that of Xq — E^. But if B denotes the points 

with non-trivial isotropy on X^(^a) ^^nd B its coarse space, then tti {Xy,(a) ~ — B) 
surjects onto tti{X^^^a) ~ Ea) yielding the result. □ 

4. The ciruit relation 

This section will give one main result of this paper which is a detailed descrip- 
tion of a class of relations that occur in the symplectic mapping class groups of 
toric hypersurfaces. These relations involve a combination of toric degeneration 
monodromy and twisting about a stratified Morse singularity. Near the toric de- 
generation points of our 9-framed Lefschetz pencil, we give a partial description 
of the vanishing cycle of the stratified Morse singularity, giving further geometric 
content to the relation. Finally, we explain how to connect various relations into a 
finite presentation. 

4.1. Circuit stacks. We begin by recalling the definition and basic properties 
of a circuit from ^46j and detailing the Lafforgue and secondary stack of a circuit. 
The map tt : Xq(^a) -^2(4) will be also be reexpressed in concrete terms and its 
monodromy will be studied. 

For what follows, we will assume that A « Z'' is a rank d affine lattice. 

Definition 4.1. A circuit A C A is a finite subset for which every proper subset 
is affinely independent. 
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aA = (l,3) (TA = (2,3) aA = {2,2:1) 

a = (3,-1,-1,-1) a = (3,3,-2,-2,-2) a = (-1, -1, 1, 1, 0) 



We will say that a subset ^ C A has rank r if |^| — 2 = rk(Aff^(A)) = r where 
Affz(j4) is the integral affine span of A. A circuit is non-degenerate if its rank and 
that of A coincide. We will consider both non-degenerate and degenerate circuits, 
but they are related by the following definition. 

Definition 4.2. An extended circuit is a subset A C A such that \A\ = d + 2 and 
rk(Aff(A)) — d. The core of an extended circuit A is the unique circuit A — 
contained in A. 

Alternatively, an extended circuit is an affinely spanning subset A — {a^, . . . , ad+i\ 
whose lattice of affine relations has rank 1, generated by a = (oq, . . . , ad+i)j G Z'^^^ 
where 

d+l 

(78) = 0' 

d+l 

(79) ^a, = 0. 

1=0 

Our convention is that the greatest common divisor of the is \Ka^\. We note 
that this implies the volume of Q is then 

(80) va:=Vo\{Q)^± a,. 

ai£A± 

where we normalize the volume of the unit simplex to 1 . 

Given this relation, we may write A as the disjoint union A ~ A^ (J Aq U 
where G A± iff ±aj > and ai Aq iS ai — 0. The signature of an extended 
circuit is defined to be cr(A) = (|A+|, \A-\; \Ao\). When A is a circuit, it is clear 
that |Ao| = and we then write cr(A) = (|j4+|, |A_|). Note that the signature 
depends on the orientation of a up to transposing \A+\ and |^-|. 

To any extended circuit A, there are precisely two regular triangulations T± of 
{Q, A) given by 

(81) r± = {Conv(A - {a J)}.eA± • 

These triangulations are marked by A unless \A^\ = 1 or |yl_| 1, in which case 
the respective triangulation is marked by A — A± . 

While the next two sections will deal with the geometry of extended circuits 
(Q, A) in isolation, the primary reason for us to investigate them is how they re- 
late to a larger marked polytope (Q,A) containing {Q,A). The key fact in this 
regard is that every edge of the secondary polytope S(A) corresponds to a circuit 
modification. We recall this theorem and the necessary definitions from [15]. 
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Definition 4.3. Let T be a triangulation of (Q,A) and A C A a circuit with 
triangulations T±. We say tliat T is positively (resp. negatively) supported on A 
if the following conditions hold: 

(i) T_|_ (resp. T_ ) consists of faces of simplices in T. 

(ii) For every J C A, if ct € (resp. T_ ) with J U cr a maximal simplex of T 
then J U ct' e T for every cr' e T+ (resp. T_ ). 

For any such J above, we say that J U A is a separating extended circuit of T. 

If T is positively supported on A, then one may define a new triangulation 
sa{T) '■— T' which is negatively supported on A by changing the triangulations 
of every separating extended circuit. Such a change is referred to as a circuit 
modification along A. 

Theorem 4.4 ([46 , 7.2.10). Lei T andT he two regular triangulations o/(Q,A). 
The vertices <j)T, 4>t' G ^(-A-) are joined by an edge if and only if there is a circuit 
A d A. such that T is supported on A and T' — Syi(T). 

This theorem indicates that if we aim to understand the symplectic monodromy 
of a hypersurface as we loop around i?A: it is a reasonable first step to understand 
the monodromy around circuits, extended circuits and, more generally, circuit mod- 
ifications. 

We now take a moment to study basic properties of the toric stack Xq associated 
to an extended circuit by investigating the normal cone to Q. Suppose F = Fi © r2 
where the rank of F^ is di and {Qi,Ai) are marked polytopes. If ((521^2) is a 
simplex, we say that {Qi + Q2,Ai U A2) is a (i2-simplicial extension of {Qi,Ai). 
By this definition, an extended circuit A of signature (p, q; r) is an r-simplicial 
extension of its core. If both {Qi, Ai) are simplices, we say (Qi (BQ2,Ai(B A2) is a 
(di, d2)-prism. 

Proposition 4.5. If A G A is an extended circuit with signature {p,q;r), then the 
polar polytope to Q is an r-simplicial extension of a (p, q) -prism. 

Proof. We begin with the case of a non-degenerate circuit A. We claim that, in 
this case, any facet of Q arises as the convex hull Fij = Conv(A — {ai, aj}) where 
ai e A^ and aj G To see this, first observe that every such Fij is a facet 

which is clear from the description of the triangulations T± above, observe that 
the element 

(82) ua:^ — fljaj = — a-jaj 

lies in the convex hull of both A^ and A_ and the interior of A. Thus no facet 
F can contain or A_ which implies that there exists an i and j with Fij C F 
implying Fij = F. 

Let A± = {a — ua ■ « G and A± = ljin-gi{A±). It is obvious that A± are 
both simplices and we write B± = {v : v{w) > —1 for w G A±} C ® M for their 
polar sets. Then a basic argument gives A (g) M = A+ © A_ and that the polar dual 
of A is B+ © _B_ . 

Now, if A has signature (p,q;r), we take Aq = {a — ua '■ ct G ^0} and Aq = 
LinRja — ua ■ a G ^0}. Since Aq is not full dimensional, there is no polar polytope 
in Aq , but we still have that A (g) M = A_)_ © A_ © Ag and we have that Aq is a basis 



38 



C. DIEMER, L. KATZARKOV, AND G. KERR 



for Aq. If Bo C Aq denotes the negatives of the Unear duals to Aq, then we have 
that the polar dual for A is the simplicial extension {B^ + Bq. □ 

For later reference, we utilize the previous proposition to index the boundary 
facets of Q. 

Corollary 4.6. // {Q,A) is an extended circuit of signature {p,q;r), then it has 
pq + r facets Q = : G A^,aj G A+} U {bk : afe € ^o}- 

One important consequence of the proposition is that Xq fails to be smooth as 
a stack unless the signature of A has p = 1, g = 1 or is (2, 2;r). Indeed, for a 
circuit (Q, A), the maximal normal cones to Q are cones over products of simplices, 
and are therefore not simplicial. Nevertheless, as Xq is toric, it has a simplicial 
refinement which implies that (Aq,i9A'q) is a standard symplectic stack. 

We now examine the secondary and Lafforgue stacks associated to A. Applying 



equation 27 the triangulations T± correspond to the vertices <j)± S ^{A) given by 



d+l 

(83) 4i±^VA^eiT X! 

i=0 ai£A± 



So that, by equation 26 S(yl) — Conv({0_, 0+}) and 

(84) OpiA) = Conv({0± +e, :0<i<d+l}U {0±}). 

To obtain A'e(^), we take &p{A) and study the dual fan. We now give a geometric 
description of Xqi^j^-^ for an extended circuit A. 

Proposition 4.7. Given an extended circuit ^ C A of signature {p,q;r), there is 
a group Ga such that Xq/^a) is a stacky blow-up o/P'^+^/Gyi along pq codimension 
2 projective subspaces. If A is a circuit, Ga = 1 - 

The universal line bundle 0^(1) and section are the pullbacks o/0(l) and sa — 

Ed+l ^ 
i=o hi- 
proof. We recall that Op (A) C M"* is a polyhedron of dimension \A\. By proposition 
the facets Op (A) of Op (A) are in one to one correspondence with {{5^} U 



2.13 



Op (A) U Op (A) where qa = ^q, the elements of Op (A) correspond to vertical 

hyperplanes and those of 0p(^) correspond to horizontal. The latter are indexed 
by a pointed coarse subdivision, but since A is an extended circuit, these are just 
triangulations T± along with an element a G A±. It is then simple to see that 

{e^}c.gA+uA_ = Op( A)^ 

Recall that Op(A)" = /3^(Q) = {/3^(^,nf,.J : a, e e A+}}U{/3^(&fc, nf,J 

afc G ^o})- For a marked face {F, B) associated to b, we take r?, := [Affz(-B) : A] 
for the lattice index. For any ak G ^o, we have that Fk = A — {ak} is a face of Q 
implying 

(85) h:^l3^{bk,n,J^{vA/r,Je^^^. 

This follows from the fact that bk{ak — Fk)ri,^ — va- On the other hand, if Fij is the 
face associated to bij, we have that 6^ (a^ — Fij)rb.. ~ Vol(Conv(^ — {ctj})) = aj 
and bij{aj — Fij)rh.. = Vol(Conv(^ — {c^i})) = at. This implies that 

(86) bij := P'^{b^j,nbJ = (a^e^^ + a^e^J . 



SYMPLECTIC RELATIONS AND DEGENERATIONS OF LG MODELS 



39 



We now describe the fan J^ep(A): or equivalently, the abstract simphcial complex 
on Qp(A). Note that the maximal cones are {cp^-} where crp_^ ^ consists of all 
pointed subdivisions which refine P±^i := {T±,ai). If a-i = Conv{{e^. : j ^ i} (J 
{<;a}) then we observe that ai = Uj^iap^ . so that J^0p(A) refines the fan {cTi}. But 
the latter is simply the fan for the total space 0{—l) over P'^+^. 

As J-Q(A) is obtained by the quotient of J-q^(^a): we obtain the stacky fan J-q(a) <^ 
M^^/E • (1, . . . , 1) as the projection. From the observations above, it is clear that 
the image fan for J^q(a) is a refinement of the fan for (d+ l)-dimensional projective 
space so that there is a toric map 

(87) A-QfA) ^P''+'- 

It is also clear from the description of the refining divisors bij that this map is 
a stacky blowdown along the projective subspaces Vij — {Zi = = Zj} where 
[Zq Zd+i] are projective coordinates for P''+^. From the quotient description 

of A'e(A), we see that the polarization 0(1) on P'^+i pulls back to Oa{1) as does 
the section J2 ^i- '-' 

Recall that the hypersurface yA C Ae(A) is defined as the zero locus of sa G 
H^{Xq(^A), 0^(1)) which implies that yA is the proper transform of the zero locus 

Zo + ---+ Zn+l = 

-1 



on 

Using the previous proposition, we easily obtain the secondary stack associated 
to an extended circuit. Let d± = ±gcd{aj : aj S 

Proposition 4.8. The secondary stack of Xy,{A) a Ka gerbe over the weighted 
projective line P(d+,c?_). 

Proof. Recall that the stacky fan Ss(yi) is obtained as the colimit stack of the map 
in diagram |32[ which in this case reduces to 



Z2 ^^^^^ Z®Ext\KA,Z) 

where a\{e^.) = (ai,<5(e^.)) and Pi{e]^.) = ai/d± depending on whether ai G 
A±. ' ' " □ 

To avoid discussion of global coverings, we will restrict to the case where Ka = 1 
for the rest of the section. In this case, we observe that the map tt : yA — t- X^(A} 
is the restriction of the weighted pencil [sq : Soo] on P'^+i where 



n ^r^'- ■■ n 

ciiEA^ aiEA 



(89) [so : Soo] = 

The base locus of the pencil is the union UVij of cycles that are blown up in proposi- 



tion 



4.7 We note that the zero fiber of the pencil on P"+i is the degeneration of Xq 
corresponding to T+ and the fiber over infinity is the degeneration corresponding 
to T_. These are both singular as stacks unless p = 1 or g = 1. We write Deg for 
the set of critical values with normal crossing degenerations as fibers. Off of Deg, 
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we may take a C* chart U C ¥{d-,d+) and write U ~ tt ^{U). When restricting tt 
to this substack, we obtain a more straightforward expression for tt as the pencil 



(90) 



[to '■ too] — 



n 



n 



This description yields the family of hypersurfaces yA with one critical fiber over 
'^A = [YijGA^ '^j ■ YiiGA^ ^-i""']- '^^^ obtain this fiber by the explicit expression 
for the discriminant of an extended circuit given in [IS], or by direct calculation. 
As we will make use of this calculation later, we write out the results here. 

First we order the indices of A so that Oi > for < i < p — 1, = for 
p<i< d+3-q and < for d+2-q < i < d+1. Take D = {np<j<d+3-g = 0} 
to be a normal crossing divisor and C — r\p<j<d+3-q{Zj = 0} to be the maximal 
intersection of components in D. Choose the chart = 1 so that Zi = Zi/Zo 



and impose the relation z^+i — ~1 — J2i<i<d-^ 
independent coordinates z = (zi, . . . , Zd) and see 



for Then on y^ we have 



(91) 



n 



l<i<d 



Computing the derivative, we obtain 



(92) dn= il+ 



l<i<d 



[2^ dzk- 

i=i \k=i 



Zk 



One observes that every dzj coefficient is non-zero for j e Aq so that dn satisfies 



condition (i) from proposition 3.15 for every z. Restricting to C, we see that this 
is zero for all i with i ^ Aq iS ajZk = akZj for all j, k ^ Aq and — aoZfc = (a^+i + 
aj)zk — —ak- These conditions imply that there is an isolated degenerate point 
at p = (ai/ao, . . . , ad/ao) and condition (ii) from proposition 3.15 is satisfied at p. 
In homogeneous coordinates we see this point is simply [uq : ■ ■ ■ : a^+i] validating 
the above formula for ca- 

To see that ca is a smooth point of £a iu <%'s(a)7 "^6 need only verify the third 
condition. A simple but tedious computation yields 



(93) HesSp(7r)|TpC = -CAao(Dia.g{aj^ ^, . . . , a,,^, , a 



where Diag denotes the diagonal matrix and 1 denotes the matrix with 1 in every 
entry. This matrix is trivially invertible leading to the following proposition: 

Proposition 4.9. Let A be an extended circuit of signature {p,q',r) with \Ka\ ~ 1- 
The weighted pencil tt : (3^^, 93^a) — >■ IP(rf-, rf+) is a d-framed pencil. The singular 
fibers at 0, oo are toric hypersurface degenerations and the singular fiber over ca is 
a stratified Morse function of codimension r. 



Proof. The first statement follows from proposition 4.8 The description of the 
critical fibers over 0, oo follows from the identifications made above. Lastly, the 
statement on the codimension of the stratified Morse function follows from the 
observation that dyA = (UV^j) U (UcieAo^i) where Di = {Zi = 0}. One calculates 
then that tt is smooth on all intersections of the divisors D,- other than the maximal 
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intersection HQ-g^pDj. The fact that it is non-degenerate on this intersection then 
follows from the case of the non-degenerate circuit. □ 

We write ttq : (C*)'^+^ — > C* for the restriction of tt to the complement of the 
coordinate divisors on P''+^. We now fix a point to E near infinity and 

let 6q,Si and be paths around 0, ca and oo. Here Si and Soo are straight line 
paths and So is a concatenation of a straight line path to an s neighborhood of ca, 
a positive semicircle around ca and a straight line path to 0. 

Our main theorem now appears as a consequence of the previous sections and 
discussion. 

Theorem 4.10. Let {Q,A) be an extended circuit with \Ka\ ^1, Ti — P{Si) and 

27r gcd{ai, aj) 



lcm{ai, Oj 



a.i > 0, Gj < 



Then 

(94) ToTiT^ = T(t) 
in Tro{Symp^{ZA{to),dZA{to)))- 

Proof. The only result needed for the theorem is the computation of the Chern class 
for the rigid boundary divisors associated to bij. For this recall that the degree of 
on P(di,d2) is ci(0(-l)) = -1/^1^2 H- In the proof of proposition |4j) we 
saw that 6^ = ^^—(016^. +aje^.). The star of bij is thus the product P ( ] 
and the divisor Dij C Aq associated to the face Fij. The normal bundle restricted 
to an embedded P ( -^^^ j is clearly 0{—V) which implies the change of framing 

associated to the boundary divisor bij is which equals the indicated factor 
under the assumption \Ka\ = 1. □ 

4.2. Vanishing cycle descriptions. In this section, we give a full characterization 
of the vanishing cycle associated to a circuit. The result is a coordinate description 
of the vanishing thimble and cycle of the critical value ca along with suggestive 
limits near the hypersurface degenerations. We start by observing a basic fact 
about vanishing thimbles and cycles. Suppose = Vi © 1^2 is a Hermitian vector 
space and the sum is orthogonal. Let : — > C be two functions with Morse-Bott 
singularity over the origin. Let 7i be the vanishing thimble over the positive real 
numbers and Vi(t) the vanishing cycle over t. 

Lemma 4.11. The vanishing thimble 0/ / = /i + /2 is the sum T = 7i ® Ti- The 
vanishing cycle is the join: 

(95) V(i) =Uo<s<iV(s)e V(t-s) 

Proof. The lift of —dz can be written as the normalized linear sum of the lifts to 
Vi and V2. This implies that any solution is a normalized combination of solutions, 
so that with initial conditions in 7i -I- 72 , we must have a flow to and conversely, 
any flow line without such initial conditions must not converge to 0. The second 
assertion follows immediately from the first. □ 
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We now give a detailed description of the vanishing thimble of ttq up to isotopy. 
To do this, we choose the torus invariant symplectic form on (C*)''+^ C (C*)'*+^ ^■ 

pd+l gjygj^ 



(96) E 



i I dZj A dZj 



2 \ ^ \ZA^ 

^ 1=0 ' 



where the map above is the quotient by the diagonal action. We will work with 
logarithmic coordinates Xi where (Zq, . . . , Zd+i) = 4'{Xq, . . . , X^+i) is given by 

(97) cj>{Xo,...,Xa+i) = (aoe^°,...,ad+ie^''+0- 
Then there is a commutative diagram 

(98) 1^ |c^cxp(_) 

C ( ^•"^ {c*y+^ > C* 

and the composition = o is the constraint defining the logarithm of the 
hypersurface. Finally, there is the homogeneous diagonal action on (C*)'*"'"^ that 
arises in the space C'^^ as adding {t,--- ,t). Identify with its logarithmic 
coordinates in the subset {sa — — ^ Xi}. Our aim is then to find the vanishing 
thimbles and cycles for (a, _) on y^. 

We achieve this by explicit computation. Let 

(99) k(6I) := log(6'csc(e')) +i6l 

and observe that {k{9) : — tt < 9 < tt} and M C C are the positive and negative 
vanishing thimbles for f{z) = z + 1 — and any positive real multiple thereof. 
Define the function F : C^+i -J> C, 

(100) F(Xo,...,Xd+i) =^a,X,-^a,e^'. 

We reorder the indices of a so that < for all < i < p — 1 and a.i > otherwise. 
By repeated application of lemma |4.11[ we may give coordinates to the vanishing 
thimbles of F via 

(101) r+ - {(ro,...,rp_i,K(0p),...,K(0d+i)):r, eM,-^<0, <^}, 

(102) r_ = {(K(0o),...,K(0p-i),r-p,...,rd+i):r, eM,-7r<0, <^}. 

We take the coordinates and Oi for the thimbles and define real codimension 
2 subspaces of 7± C Ti as the zero loci of the functions g± and h± respectively 
where 



rf+i 



(103) g+{rQ,...,rp^i,ep,...,9d+i) = ^ 



'3" 3 ! 
3=P 

p-1 d+1 



(104) h+{ro,...,rp^i,ep,...,0d+i) = ^ Oj-e''' + ^ 0^6*^ cot(6'j), 

3=0 j=p 

while the functions h_ are these functions with the indices < i < p and 
P < j < (rf + 1) switched. 
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A straightforward calculation shows that 7± are smooth submanifolds of 7±. 
We take 7± to be the image of T' in C^^^ which maps as a universal cover to 
c P'^+i. Let TT : ^ C via 7f(Xo, . . . , X^+i) = Ef=o ^i^i- 

Proposition 4.12. The positive and negative vanishing thimbles of -k on are 
fiberwise Lagrangian isotopic to 7±. 

Proof. As the cases are symmetric, we will prove this for 7+. We first observe that 
Tl is smooth and that adding {{t,. . . ,t) : t & C} gives a cylinder over 7^. Indeed, 
if we add {t, . . . ,t) to any point in T^. , we see that we displace it completely, since 
log(^csc(^)) is an injective fimction of 9. This implies that 7^ maps bijectively 
to the quotient 7± by the homogeneous action, so for simplicity we work with 7^ 
instead. 

Given that Tl + {{t, . . . ,t) : t e M} is a Lagrangian submanifold, invariant under 
the action giving the symplectic quotient C'+^/C, we have that Tl projects to 
a smooth Lagrangian. Another point that follows from this is that, since h+ = 
= .9+, we have im(7r|7-') = im(_F|7-') C im(F|7-^) = M>o. The isotopy claim 
then follows from a check that the function tt has smooth fibers when restricted 
to 7^ everywhere but where it achieves a global minimum. We calculate r] = 
dk A dg^ A to be 



r] = I ^ Oiajdri A d6j | A 

, 0<i<p-l<j<d+l 



E 



aiajUkie^'' — e^'^)drk A dri A dO. 

0<i<k<p-l<j<d+l 

/ sin(2^j) - 26 j sin(26lfc) - 26'fe 
V 2ejsm{ej) 26lfc sin(6lfe) 



0<i<p-l<j<fe<d+l 



It is an easy check to see that (sin(2^)— 2^) /20 sm{0) is a strictly decreasing function. 

This implies that dk A dg+ A dh+ = if and only if Oj = Ok and = for all 
applicable i,j,k. Since g+ = though, this implies that 9j = for all j. And 
then from h+ = 0, we obtain rj = for all i. Finally, since ff has positive definite 
Hessian on 7+ and T| is a smooth submanifold, we have that it has positive definite 
Hessian on 7^ so that this is a Morse minimum. □ 

Having obtained an implicit coordinate description of the vanishing thimbles, we 
proceed to describe their intersection with real loci in In the next subsection, 
we will also use this, along with matching path arguments, to obtain the location of 
the vanishing cycles in dimension 1. Indeed, one motivation for the last proposition 
was to open up a detailed analysis on the Fukaya category and Floer theory of 
circuits in general. 

We take the set of A-positive real elements of MP''+i c CP''+i to be 

(105) y\{M.) = {[ro : • • • : rd+i] e yA : Urj > iff a^aj > 0, rfc = iff = 0}. 

In the degenerate case r 7^ 0, one sees that 3^^(IR) is a real manifold with codi- 
mension r corners. For any such real n-dimensional manifold M, we may define 
a real stratified Morse function / : M ^ M to be any function for which, near a 
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degenerate point p, there exists a chart U CM.'^ x M"q'^+^ around p for which 

t k n 

(106) /(xi,...,x„)=^x2_ ^ ^2_^ ^ 

Near such a point, we say that / has signature {t, k — t;n ~ k) (see [22]). We now 
prove: 

Proposition 4.13. Suppose A is an extended circuit with signature a a — {p,q;r). 
The function (— l)'?7r restricted to y^{M.) is a real stratified Morse function of sig- 
nature (q — l,p — l;r). 

Proof. We start by observing that the real form of proposition |3.15| also holds, but 
the signature of the Hessian must be calculated in this case in order to obtain 



an equivalence up to diffeomorphism. The computations 92 93 are the same, 
up to a multiplicative factor of (—1)', for n on 3^^(]R) as it has the same form 
and constraints with respect to the variables (ri,...,rd). Thus, we need only 
compute the signature of J? := (— l)''HesSp(7f)|(7 on 3^^(]R). Letting V+ = Lm]^{ei : 
d + 2 — q < i < d} it is easy to see that H restricts to a positive definite form on 
V+. On the other hand, were we to have chosen {Z^+i = 1} and zq — —1 — Zi, 
the form of the Hessian would have switched to 
(107) 

H' = Resspin o (t))\T^c = -CAa'^d+i{Diag{a^ \ . . -,0^^^1,0^+2-9' ■■■,a/) + a^ 4). 

Taking = LinR({ei : I < i < p— 1}), it is easy to see that H' is negative definite 
on As the signature is independent of the choice of coordinates, this gives the 
claim. □ 

This proposition can be thought of as a mild extension of the (p, q) surgery 
observations in [IB]. Following an approach by Viro [35], they observed that the 
real loci of 3^^(M) could be combinatorially understood through a cover of the 
tropical hypersurface. A circuit modification then was found to be a {p, q) surgery. 
Our result gives this surgery as a cell modification associated to the Morse function 
7r:3^+(M)^M. 

4.3. Examples in dimension 1. In this section we illustrate three examples in 
dimension 1 of the circuit relation in full detail. The first relation is known as the 
lantern relation for mapping class groups of marked curves and, to a large degree, 
is the case that inspired this paper. The next example yields the star relation. 
We observe that the circuit stack in this example, as well as its higher dimensional 
generalizations, arises naturally in the context of homological mirror symmetry. We 
refer to [25j for general background on mapping class groups of marked curves and 
classical proofs of these relations. 

For every example, we take a fiber to G M>i near 00 and choose the distinguished 
basis of paths 5q, Si and Soo on Xy,(a) as in theorem 4.10 and figure |4j 



4.3.1. Circuit of signature (2, 2). Here we take the set A = {(0, 0), (1, 0), (1, 1), (0, 1)} 
and fix the orientation of A as a = (1, —1, 1, —1). We have that yA = {Xq + Xi + 
X2 + X3 = 0} C P3 and TT is defined as the pencil [X0X2 : ^1X3]. Every fiber 
Z^(t) for f e C* — {1} is isomorphic to with boundary divisor consisting of four 
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Figure 4. Distinguished basis on Xy,(^a) 



points given as an intersection with uf^gDi where Di = {Xi = = Xi+i} using an 
index in Z/4Z. We give coordinates to any smooth fiber 

2^Ait) = {[1 - tx : {tx - l)x : tx{\ - x) : x - I] : x e C} 
with boundary divisor, 



90 


=^Dof^ZA{t) 


= {x 




91 


= DinZA{t) 


= {x 


= 0}, 


92 




^{x 


= 1}, 


93 


^D^nZAit) 


^{x 


= oo} 



Over the limiting degeneration values of t = and oo, one sees that this converges 
to give parameterizations of the intersections = 0} n and {X^ = 0} n 3^^, 
respectively. 

As to is close to oo, we have that go > is close to zero and indeed tends to qi. 
This reflects the bubbling of the intersection yA H {Xq = 0} off in the limit and we 
see that the vanishing cycle of Soo is a loop 700 around to and in the x-plane. In 
a similar vein, we may follow the path 61 from Iq to 1 and observe that the point 
Qo follows the straight line path to 52- Thus the vanishing cycle associated to 61 is 
71. Finally, tracing the path Sq, we observe go going under 52 and towards (73. The 
vanishing cycle may be pulled back along this path and is seen to be equivalent to 
7o which, up to isotopy, is illustrated in figure [Sj 




Figure 5. The (2, 2) circuit relation or the lantern relation 
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7oo 



7oo 



<?0 



Figure 6. The (1,3) circuit relation or the star relation 



We also note that by implementing proposition |4.12| of the last section, we can 
obtain an implicit equation for 71 C ZA{t), 

71 = + e C : (x - 1)2 + y2 = 1 _ 1 

It is easy to verify that this formula agrees with the description given above and 
in figure [Sj Applying theorem |4.10| in this example yields the well known lantern 
relation. 

4.3.2. Circuit of signature (1, 3). In our example of a (1, 3) circuit, we take the set 
A = {(0, 0), (1, 0), (0, 1), (-1,-1)} and fix a = (3,-1, -1,-1). We have the same 
hypersurface C as before, but with n{[Xo : Xi : X2 : X3]) = [X§ : X1X2X3]. 
The fibers Z^it) of tt are elliptic curves with boundary points indexed by the 
divisors Di — {Xi = = Xq} = {g;} for i — 1,2,3. Near t = 00, we have Z^it) 
approaches an intersection of J^a with the three divisors in {Xi — 0}, {X2 — 0} 
and {X3 = 0} which subdivides it into three pairs of pants. By proposition 4.13 we 
have that the vanishing cycle associated to the critical value ca converges to the 
A-positive real locus 3^a(IR) intersected with the three pairs of pants. These facts 
are illustrated in figure |6] The circuit relation in this example is the star relation. 

In more generality, we may consider the signature {l,d + 1) case with a = 
{vA, — oi, . . . , —ad+i). Again we have that the hypersurface yA is {X^fi} -^i — 0} 
in P'^+i and 

n{[Xo:---:Xa+^])^[X^,^:X^^...XZn 
Here, Xj2[a) — ^{^A, 1) and that we may take the chart around zero to be the map 
^aa Pulling TT back along this atlas we obtain a map w : (C*)"* C. Indeed, we 

aa 

d4 



take TT — [t^^ : I] which after restricting to X^^ . . . , Ar^^+^ = 1 gives Xq = t so that 
the function 

d 

w{Xi,...,Xd)=Xo = -Y,X^ 



^1 ■■■■^d 
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Figure 7. The (1,2; 1) circuit relation 



Referring to |33j we have that, up to a scale, the map tt is the equivariant quotient of 
the homological mirror LG model of the weighted projective space P(ai, . . . , a^+i). 
This will appear again as one piece of a general conjectural program for homological 
mirror symmetry in the final section. 



4.3.3. Circuit of signature (1,2;1). In our only degenerate example, we observe 
a relation between braids and loops. We take A = {(0, 0), (1, 0), (— 1, 0), (0, 1)}, 
a = (2, —1, —1, 0). Here Xqi^j^-^ is the blow-up of P'^ along the two coordinate lines 
Li = {Xq = = Xi} and L2 = {Xa = = X2} which are the base locus of the 
pencil TT given as 

(108) ni[Xo :Xi:X2: X3]) = [X^ : 

Since A is a degenerate circuit, the divisor {X3 = 0} is not contained in a fiber over 
or infinity, but rather intersects ZA{t) in two points everywhere except over the 
degenerate point [2 : — 1 : — 1 : 0] with value ca = 4. We give ZA{t) coordinates, 

(109) ZA{t) = {[tx -.x^-.t: -tx -x^ -t\:x^C}. 
The boundary points on ZA{t) arc then, 

91 =z^(t)n{Xi = 0} = {.T = o}, 
52 = ZA{t) n {X2 = 0} = {tx = 00}, 

q3,±^{x^-t±^/f^~Ul2). 
As t tends from ca to tg, we see that 53^-1- splits along the real axis. By proposition 



4.13 we have that 3^a(K) gives the positive vanishing cycle, implying that the 
vanishing cycle 71 for is the interval x e [g3^_, 93^+]. Tending from io to 00, one 
observes (73^+ converging to —1 and (73. _ bubbling off with 00. Thus we may draw 
a vanishing cycle 700 around 00 and (73 _ corresponding to ^oo- 

At i = we have a Z/2Z orbifold point where, in the coordinates given by x, 
we have quotiented by the action. Ignoring the framing on the endpoints (73. -t of 
the braid and letting Tgzj^{to} be a full twist about qi and q2, we have the relation 
(TiToo)^ = TQ2.A{to)- This does not seem to have a direct analog in the literature, 
but can be thought of as a hyperelliptic relation for a braid and a loop. 
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4.4. Regeneration. In contrast to the topology of discriminant complements 
(see [12]), the geometry of the principal A-determinant complement seems relatively 
unexplored. For extended circuits, we have seen that the project of understanding 
^s(A) — Ea is easily completed as all such spaces are if (tt, 1) spaces. On the other 
hand, as one considers more complicated sets A, the complexity of the topology of 
their determinant complements grows rapidly. In order to retain the information 
obtained from more basic cases of A' G A such as circuits, we require a method of 
regeneration. In large measure, the toric and symplectic preliminaries of the first 
two sections were designed to make such a method possible and accessible. 

Let A C Z'^ and A' C A he finite subsets and S — {{Qi,Ai) : i G 1} a regular 
subdivision of Q such that {Qi,Ai) is a marked simplex for all Ai which does not 
contain A' and Ai is a simplicial extension of A' otherwise. Call such a subdivision 
a triangular extension of A'. Then there is a natural inclusion ig : X-^(^a') ~^ '^s(A) 
induced by the subdivision. Take -^^(A') dense torus of X-^(^a>^ and E'^ 

to be the intersection of Ea with <-t'^j^,j. Given e > 0, let C '-f^(yi') ~ ^A' 
be the complement of an e neighborhood of Ea'- For sufficiently small e, I^, is 
diffeomorphic to X^(^a') ^ ^A'- 

Definition 4.14. Let 13 C C be a neighborhood of the origin. A regeneration of 
X^[A') relative to Xy,(a) is a pah (I, ijj) where '0_ : 13 x I — > X-^^^a) is etale onto its 
image with ipo : I ^ is{lA') and ipt ■ ^ ^ '^s(A) ^'^^ t 0. 



The following proposition follows from theorem 2.19 and [IB], section 10.1.12 



Proposition 4.15. Let G be the relative isotropy subgroup of a smooth point in 
is{Xj:(A')) H a cyclic subgroup of G. Then there exists a regeneration {T,ip) 
of A' with ipQ an H -cover. 

Indeed, by choosing a single interior lattice point of the cone Cs dual to the 
strata of S, we obtain such a regeneration. Using such a choice, one observes 
that ip ip) : D — >■ X-^(^a) pulls back a toric hypersurface degeneration for every 
p £ X. Recall from proposition |3.13| that to any toric hypersurface degeneration, 
such as the one associated to S, we have a decomposition 2ri(t) = U^g/Vi such that 
Vi « Zi{0) — dZi{Q) of the nearby fibers. The covering group H is generated by the 
monodromy group. By varying the family of degenerations along I and utilizing 
the description of degeneration monodromy, the group H acts on each Vi so that 
we have a homomorphism : iJ — )■ Synip(Vi, dVi) — Symp(Zj(0)). This argument 
gives the following proposition. 

Proposition 4.16. Let {I,tp) be a regeneration of A' relative to A. Let Symp^ 

be the category of standard symplectic stacks with H-action. Then there is a com- 
mutative diagram of functors: 

n(Z) — ^ Symp^ 
(110) Voj 

n(A's(A')) ^ > Symp 

The propositions above suggest a general method of approaching the symplec- 
tomorphism group of a toric hypersurface through an analysis of the groups on 
degenerated pieces. Of course, the general case of A is exceptionally complex as 
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Figure 8. The secondary fan and polytope of A 



it requires an understanding of groups for all smaller sets A C A. In this section 
we will see to what extent this approach is accessible in an example where A is 
minimally more complicated, namely A contains [d + 3) points. 

The general case of (d + 3) points has been studied and explicit formulas for Ea 
are known |21] . At this level of generality, the formulas do not immediately render 
the geometry of the principal A-determinant or its complement accessible. However, 
it is worth mentioning that the discriminant component is always a rational curve 
in a usually with complicated singularities |34j . Our example is 



Any non-degenerate hypersurface Za(j)) is an elliptic curve with 4 boundary points. 
A short calculation gives that the secondary stack has stacky fan given by 



One observes that there are four circuits {Ci, C2, C3, C4} contained in A cor- 
responding to the four divisors. To each circuit Ci there is a unique triangular 
extension given by the subdivision associated to the facet defined by vi. Note that 
there are five extended circuits contained in A as the divisor corresponds to 
the degenerate circuit supporting two extended circuits. Let us first examine re- 
generations of = Dx and X-^(^q^-^ — D2. Starting with Ci we observe that 
-^'^E(A)'^s(Ci) is isomorphic to 0{—\) over P^, but the principal A-determinant 
vanishes on the intersections with D2 and D^. So C orh{vi} d Di and the 
normal bundle in A'j]^^) trivializes Nxj,^j^^Iq^ sa C x I^i- such trivialization 



(111) 



A = {(1,0),(0,1), (1,1), (-1,-1), (0,0)}. 




71 




Figure 9. Paths for the regenerated circuit of C2 
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gives a regeneration. Proposition |4. 16| gives us that the regenerated circuit relation 
is the simply the (2, 2) circuit relation restricted to the region Vi C Za{p). 

The divisor D2 is P(l,3) with normal bundle 0(— 1). Even after deleting the 
point at infinity lying in Ea^ we can not regenerate Di using sections of this bundle 
because of the smooth stacky point at the origin, so we must consider a covering. 
There is only one non-trivial covering in this case, namely the etale cover of 
Iq^ C P(1, 3) — Z?i n D2 « C//i3. To find the regeneration which extends this cover, 
one simply takes the stacky chart of a neighborhood U of the point Di n D3 which 
is C^//i3 where ({^1^) = {C~^'tX^)- The map t/j : — > ?7 is obviously etale and 
at ^ = gives the covering above, so restricting tp to tp^^{U — V) where F is an e 
neighborhood of Ea gives a regeneration of C2. Applying proposition |4.16| to this 
situation, we observe that tp~^{U —V)r\ {t} x C is a disc with three discs removed 
near the third roots of unity as in figure [9j Using the proposition and theorem 
|4.10[ composing the parallel transport Ti along the three paths Si gives the cube of 
parallel transport along 7 along with a full boundary twist. Taking the composition 
of these two operations as we write simply T1T2T3 = T4 and observe this as a 
relation in Za{p)- 

For what follows, we compute in the homogeneous coordinate ring C[a;i , 0:2, a^a, X4\ 
of X^i^A) where deg(a;i) = (1,2), deg(a;2) = (1,0), deg(x3) = (1,1) and deg(a;4) = 
(2, 1). Utilizing results in [33] and [5T], one can calculate that E'^-Di = 1 = E\-D2- 

One can often regenerate several subsets of A simultaneously, thereby incorpo- 
rating the symplectomorphisms of the regenerated pieces into those of the hypersur- 
face ZA{t). We give a more systematic account of this method in the next section 
for extended circuits, but for now we consider sections of the ample line bundle 
on ^s(A)- Consider the pencil /(^^i, 3^2; ^3? ^4) — [-^o ■ -^00] ■ — 




12 



Figure 10. Generating paths for with triviahzed fiber over r 
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Figure 11. 

I]. Taking Ct = {sq - ^Soo}, one observes that for small t, we obtain a 
smooth curve which approximates Di + 3D2 ■ We wish to understand the Ct sub- 
group Gct C Symp(2^^(p), dZA{p)) from definition 3.26| by viewing Ct as a simulta- 



neous regeneration of Ci and C2. We trivialize the fibers Za{p) along the ray r and 
consider parallel transport {Ti, . . . , T4, Ti, T2} along the paths {61, 62,63, 64, 71, 72} 
as in figure \T0\ 

Utilizing proposition |4.16[ the symplectomorphisms Ti associated to the paths 
Si can be written as compositions of disjoint Dehn twists as 





= Tk^, 


T2 


= Tk^, 


T3 


= Tks, 


Ti 


= Ta, 


fi 


= TbTlT^Tf 


T2 


= TcT^T^Tf 



Those associated to 71 and 72 correspond to monodromy around the toric hyper- 
surface degeneration associated to the points Di D D2 and Di n D4. The vanishing 
cycles for the twists Ti are given in figure [TT] 

One can calculate that E')^ has precisely one cusp in the interior of Xy:(^a)- This 
cusp yields the braid relations between T4 and Ti for i = 1,2,3. Adding these to 
the circuit relations, we obtain a finite presentation of G^^ . 

(113) R^<Ti,...,T4,fi,f2>^Gs, ^1 

One can use this method for higher dimensions as well, but the understanding the 
singularities of Ej^ for {d + 3)-sets is necessary to the completion of this project, as 
these generate necessary additional relations. 

As a final remark, we observe that near Eco, we obtain a regeneration of the 
circuit C4. Observing that D4 ■ E\ = 2, we see that the critical value in Sqo 
splits into two values for each of the branches of the 2-fold etale cover, yielding a 
total of four critical values. To see the effect on the vanishing cycles, observe that 
the family Ei/t regenerates two extended circuits, each of which has a relation as 
given in section |4.3.3[ This has the effect of gluing the degenerate vanishing cycles 
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together to obtain two vanishing cycles, for each branch of the etale cover, while 
parallel transport from one branch to the other yields a regenerated version of the 
involutions TiToo on each regenerated circuit as given in section f4.3.3[ However, to 
obtain the correct gluing formulas for these cycles requires a more nuanced control 
over the framing in the degenerate case. 

5. Applications 

In this subsection we outline a strategy to decompose the directed Fukaya cat- 
egory associated to a pencil of toric hypersurfaces. After giving a combinatorial 
description of the decompositions, we discuss applications to the homological mirror 
symmetry conjecture for Fano toric stacks. While this conjecture has for the most 
part been settled, we show that our strategy may produce more detailed informa- 
tion on the structure of the equivalent categories. In particular, we will observe a 
finite collection of semi-orthogonal decompositions arising from edge paths in the 
secondary polytope. To each decomposition we formulate a conjectural homological 
mirror collection resulting from birational moves in the _B-model setting. 

5.1. Landau-Ginzburg Degenerations. We begin by returning to the original 
toric stack Xq associated to {Q,A) and the linear system Ca C H'^{Xq,Oa{^))- 
By the support of a section s C £a ~ C"^, we mean the set of non-zero coefficients. 
Given any subset A' C A and a section s = J2aeA ^a&a G C^, we say the restriction 
of s to A! is s\\a' = X]q6A' ^a^oL- By an A-pencil, we mean a pencil in La- If it is 
clear from the context, we will simply write pencil for A-pencil. For what follows, 
we will consider v4-pencils satisfying a strong, but common, property. 

Definition 5.1. (i) Given A C A and A' C A, an A-pencil C C-^ is A!- 
sharpened if it contains a full section and if s e implies s||a' G ^ ■ 
(ii) The Landau-Ginzburg, or LG model associated to an A'-sharpened pencil 
W is the induced map w : Xq — D^/ — > C where Dy/ = Zero(sm') is the 
fiber over infinity of the pencil. 

Our motivation to consider such pencils comes from homological mirror symme- 
try of Fano toric varieties ( |33j ) . Given an d-dimensional Fano toric specified by a 
fan S, the Batyrev mirror is defined as Xq (or a crepant resolution thereof) with 
A equal to the union of and the primitive generators of the one cones A 
syniplectic structure on the original variety then specifies a superpotential w on 
(C*)"* C Xq. It turns out that w is the LG model associated to a {0}-sharpened 
pencil W C Ha on Xq. In fact, the case where A! — {a} is a single element of A 
can simplify the discussion a bit because in such cases, any pencil containing Cq is 
A'-sharpened. For now, though, we keep it general. 

Given an A'-sharpened pencil we associate a sublattice F^i' C (Z"^)^ generated 
by the cocharacter e^, := X^asA' ^'^^ ^^"^ subgroup Y a' C A^v equal to the 
image of a\{V a'\ We write Ja' — Q!^(e^/). These lattices give one parameter sub- 
groups G A' and G a' in the tori acting on La and X-s(^a) respectively. A useful fact 
concerning A' pencils is that they are stable under the Ga' action; more precisely, 
a pencil is A' sharpened if and only if it contains a full section and is stable under 
the action of Ga' ■ 

The fan in Ta' with one cone generators {±fA'} is modulo a finite cyclic 
group and the embedding Ta' C A^v gives a map from to X^(^a) which we write 
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as 

(114) 0:pi^A's(A). 

We would like to find a class of equivariant cycles equivalent to (j>{¥^) in Xj^^a)- 
If we take a crepant resolution of X-^(^aj, we may use ideas from Gromov- 

Witten theory of toric varieties. In particular, we may view as an element of the 
space of stable maps Mo^i{X^(A), [W]). 

Taking the evaluation map ev : A^oa('^E(A)7 [W]) X^(A), we define Mw to 
be the fiber over the closure of the orbit containing (/)(oo). We make the following 
definition: 

Definition 5.2. A fixed point -0 G Aiw under the (C*)'^ action will be called a 
maximal degeneration of W . 

The first result we need is a combinatorial description of the maximal degener- 
ations. For this, we review some terminology from 0, [JTj and jlj- Let P £ M" 
be a n dimensional polytope with vertices {pi, . . . ,Pm} and 7 : M" — > M a linear 
map. We order the vertices so that if :— ^{pi), then qi < qj if i < j and write 
Q ~ ^{P). Let £ (M")^ be linearly independent from 7 and Vq the subspace 
spanned by 7 and 0. Assume that the half-plane Hq = K • 7 © K>o • 9 intersects 
the normal fan of P transversely, i.e. every k dimensional cone in — Ve C^ Np is 
the intersection of Hg with an [n — 2 + k) dimensional cone. Ordering the 2-cones 
J-e(2) — {(To, • • • , fr} clockwise, one obtains the increasing sequence, pi^^ < • ■ ■ < pi^ 
of points on P where Pi. is the point dual to aj. From the construction, it is clear 
that {pi.,pi^^^} he on an edge of P for any < j < r, qi^ = qo and g;^ = qm- 
Any path {pig, . . . ,Pi^) obtained in this way is known as a parametric simplex path 
relative to 7. 

In |8], these paths were realized as the vertices of the fiber polytope S^(P) :— 
S(P, Q) called the monotone path polytope of P. Leaving a detailed review of fiber 
polytopes to the references above, we content ourselves to describe a theorem from 
|47| . Let G « (C*)" be a complex torus acting on a projective toric variety Xs with 
fan S C where = Hom(C*, G) and G^ = Hom(G, C*) are the lattice of one 
parameter subgroups and characters respectively. Assume that L is an equivariant 
ample line bundle on and P C G^ is the weight polytope for the action on 
H'^{Xj2, L). Elementary toric geometry gives E as the normal fan of P. 

Suppose iJ C G is a subgroup and take E — H ■ x for a non-boundary point 
X £ Xy.- The Chow quotient X^/ /H is defined as the closure of the orbit G-E in the 
relative Chow variety of dim(7? ) cycles of degree [E] in Xy. ■ Write tth ■ G^ — >■ 
for the associated projection and take Q — tth{P)- Then we state the following 
theorem which is an immediate corollary of results in loc. cit.: 

Theorem 5.3 ( j47) . [9]). The Chow quotient X-^f /H is a projective toric variety 
with G action and ample line bundle weight polytope equal to the fiber polytope 

Indeed, it was shown that S(P, Q) is the Newton polytope of the Chow form of 
E. We utilize this theorem to prove: 

Proposition 5.4. Suppose W is an A' -sharpened pencil. The maximal degenera- 
tions of W are in bijective correspondence with the vertices of the monotone path 
polytope Y.f^,{Y.{A)). 
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The iterated fiber polytope S (E(v4)) in this proposition was initially examined 
ini. 

Proof. We start by observing that the space Aiw admits a map to a Chow quotient 
of <^s(A) ^ described above. Recall that F^y C A^v which gives a one parameter 
subgroup H C G := A^v (g) C* of A^v (g) C*, the torus acting on Xy,(a)- For any 
pointed pencil {W',s'^) with s'^ = Sqo and h e H, one sees that h ■ W = W. 
Furthermore, since the image of these under the projection to Xs{A) are birationally 
equivalent to linear subspaces of P(A^v), the collection of parameterized pointed 
pencils forms a dense open subset U of Aiw, with each such map being given g ■ (j). 
LetC(A's(A), [W]) be the Chow variety of W in A's(^) and $ : Mw [W]) 
the map associating a stable map to its pushforward cycle class. From the above 
discussion, the restriction of $ to J7 lands in the Chow quotient X^(^a)/ /H, and 
as U is dense and the Chow quotient is closed, this induces the equivariant map 
^ : M-w ^ '^T.(A)I /H. As this is a homeomorphism of U onto its image and 
equivariant, it extends to a homeomorphism on spaces and sends the fixed point 



set of M.W to that of Xy,(A)- Applying theorem 5.3 gives that M.w is equivariantly 
homeomorphic to the toric variety ,(e(a)) associated to the monotone path 
polytope E^^, {Yj{A)). This confirms that the fixed points correspond bijectively to 
the vertices and proves the claim. □ 

A more detailed correspondence between the stack M.w and the stack defined 
by S/^, (E(A)) clearly exists by the proof above and the recent work [Tn|. For now 
we content ourselves with a study of the fixed points. 

Given a maximal degeneration ij) £ Mw associated to T = {Ug, . . . ,ti^), we will 
write Ci, . . . ,Cr for the components of the domain of ip and ci , . . . , their images 




Figure 12. A and its secondary polytope 
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Figure 13. The monotone path polytope defined by the A'- 
sharpened pencil 



m A's(yi). We wiU say that ip has length r and for each 1 < j < r, we will associate 
the pair of natural numbers {dj,mj) where dj is the degree of ip restricted to the 
j-th component, and mj is the degree of Ea restricted to Cj. The total i?^ degree 
of ip is defined to be — J2]=i "^i- Note that this yields the intersection degree 
of ^ with E^. We call the data = {T,{{dj,mj)}) a decorated simplex path 
and, for each such path, we define a decomposition of C that we call a radar screen. 

As we give this construction and other results, it will be useful to have an example 
to reference. We choose a sufficiently rich, but simple one arising as the homological. 



or Batyrev, mirror of 



blown up at one point. More explicitly, we let 



A = {(-1,0), (0,-1), (0,1), (1,0), (-1,-1), (0,0)} and we consider A'-sharpened 
pencils where A' = {(0,0)}. Recall from the comments above that such sharpened 
pencils consist of all pencils that contain e(o.o) G C"^ as a section. The secondary 
polytope is illustrated in figure 12 and the monotone path polytope is a (skew) 
hexagon which is represented in figure |13| Each vertex of the monotone path 
polytope is labelled with its coherent tight subdivision of the interval fA'{Sec{A)) 
inside the hexagon and the parametric simplex path on E(A) outside of the hexagon. 

We now construct a decomposition of C based on the information in = 
{T, {{dijUii)}) which we call a radar screen. To align the asymptotics correctly 
later, we define this decomposition in a fairly fiexible fashion at first. Fix an 
increasing function g : T — !■ M U {oo} with g{io) = and g{ir) = oo. For any 
^ l£ j l£ 1^ and any < k < rrij/dj we take 
(115) 

Cj,k = {2 G C : g{ij) < l^l < g{ij+i),2Trkdj /rrij < arg{z) < 27r(fc + l)dj/mj}. 

We totally order the collection {Cj^k} of regions so that Cj,k < Cj',k' if and only 
if j < / oi' j = / and k < k' . We now define a distinguished basis of paths 
= {7i,...,7„i^ as in section 3.4 based at infinity and ordered so that if 

j,k < C'j'./c' then I < I'. In order to make 



7;(1) e Cj-fc and 7i'(l) G Cf^k' with 
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Figure 14. Radar screen for top vertices of monotone path poly- 
tope for A 



this collection precise, we fix a sufficiently small £ > and, for every j, k take 
Si^ := rriij/di- points {Pi'*^, ■ • ■ ,pi[''.} in C'j,fc which are at least a distance 2e from 

the boundary of Cj,k- Let P = Uj^k{Pi'', ■ ■ ■ ,pi'''} be the set of all such points. 

For any l<j<r,0<k< rrij/dj and any X)i=i + knij/dj < I < X]i=i ™i + 
(fc + l)mj/dj we define the path 7j to be a horizontal line with Im{'^[) = ^"'"'^^ 
with i?e(7;(0)) = oo and |7;'(1)| = g{j-l) + le/m. We take 7;" : [0,1-e] ^ C to be 
a path with 7;"(i) = e-2^*^^/™^("^/'^j-'=+i/2)^^'(i). Let 7; : [0, 1] -> be a rescaled 
concatenation of 7; with 7" and note that, for sufficiently small e, 7;(1) G Cj.fc. We 
may then choose a set of I arbitrary non-intersecting paths 7^ in Cj^^ from 7i(l) 
to pii^ where n — I — {J2iZi "^j + krrij/dj). We then finally define 7; to be the 
concatenation of 7 with 7' to give a distinguished basis of paths from 00 to the set 
P. 

To apply this construction, we examine a one parameter degeneration in Mw 
to ip. We need only choose a lattice point 9 G (Z'^)^ which is in the normal cone 
of the point in Ey^, corresponding to ip. As above, this gives the fan 

and an embedding i : J-g ^ J''s(a)- Letting Xg be the stack associated to J-g, we 
see that, quotienting J-g by /a', we obtain a map Ff^, : J-g ^ C which is a toric 
degeneration of . It is clear that the zero fiber of Fj^, is sent to i/j by i and that 
Fy^^[t) is an ordinary P^ mapped to A's(^). 

Now, -0 corresponds to the monotone path T =< tig, . . . ,ti^ > on Let 
Sj = /a' {Uj ) , then fA' (T) is a tight coherent subdivision of the marked interval 
[sq, Sr]- Each subinterval [sj-i, Sj] corresponds to an edge on S(^) and we may fill 
in all additional lattice points which are images of lattice points on to obtain 
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a modified sequence 

(116) S=<Si,...,S.n> 

where Sj = fA'{tj). We note here that it follows from 46J lO.l.G that rrij = 
Sj — Sj^i and dj = rrij /cj where Cj + 1 is the number of lattice points on the edge 
{ti.,ti-^^}. It also follows that pulls back via i : Xg ^ X^(a) to a section 
with non-trivial coefficients only on {sq, . . . ,Sr}- We define bj = 9{tj) for every 
J and b = (6i,...,6„). Choosing another 9 if necessary, we may assume that 
hQ — ■ ■ ■ ~ bk ^ Q where = Si- Then b defines the degeneration as in section [Z2| 
in that it defines a convex function on [sq, Sr]- 

Working on the level of coarse toric varieties as opposed to stacks, we may 
parameterize the degeneration using b as follows. Identify Ve H [Jj^Y with {1?Y 
so that Fe C {1?Y is dual to the upper convex hull of Bg = {{sj,bj)} C Z^. For 
toric varieties, we obtain a map /3 : C x C* ^ C x P"~i given by 

(117) p{t, z) = (t, [t''°z'° ■ ■ ■ : i''"z"~"]). 

The coarse variety Xg associated to Xg is the closure of im(/3) with coarse zero 
fiber Fg^{0) := Xg{0) = U'^^iCj. Here Cj has moment polytope equal to the line 
segment from (sfcj_i , bkj_J to {sk^ , bk^ ) where Sk^ = sj. Let = {bk^ ~bk^_J/{sk^ - 
Sfcj_i ) be the slope of this line segment and define the map aj : M>o x C* ^ C x C* 
via 

(118) aj{t,z) ^ {t,t-^'^z). 
Then we have the following proposition: 

Proposition 5.5. The map {/3 o Q!j)|{t}xC* • C* — > Xg uniformly converges on 
compact sets to a dj covering of Cj as t tends to 0. 

Proof. We simply compute 

{(3oa,){t,z) - it,[t'^^{t-^^zy'> ■.■■■■.t''"{t-^^^zr-]), 

^ [t, [t''o-t'F^o^S„ ..... ^fc„-Mj5.^5„]^^ 

= {t [/:(''o-&fcj_i)-M3(so-sfcj_i)^so-sfcj_i .... 

.... ^(&,i-6fcj_i)-M3(sn-Sfej_i)^s,i-Sfcj_iJ-j 

By convexity, we have that the slope of the line segment connecting {si,bi) to 
(s/cj-i , ^fcj-i ) is strictly less than /ij for all i < fcj-i and strictly greater than fij for 
all i > kj. This implies that Hi := {bi — bkj_-^) — fJ.j{si — Sfc^.i) > for all i with 
equality if and only if fcj_i < i < kj. Utilizing this notation we have that 
(119) 

o aj){t, z) = (i, [i'^oz""-"'^-! : • • • : 1 : • • • : z'^o-'^o-i : ■ ■ ■ : t'^-z^""'"'.-! ]). 

It is then clear that as t tends to 0, (/3 o aj){t, z) converges pointwise to the map 
sending z to (0, [0 : • • • : : 1 : • • • z'^''^ ^'^''j-i : : • • • 0] which is a degree dj cover of 
Cj. Uniform convergence on compact sets then follows. □ 

We utilize this in the proof of the following theorem: 

Theorem 5.6. Let tp be a maximal degeneration of a LG model associated to A. If 
il't & M.W sufficiently close to ip, there exists a radar screen decomposition 
of the domain of ipt such that the paths of the distinguished basis {71, . . . , 7,„} end 
on the critical values of the LG model associated to ipf 
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Proof. For any e let P^(e) consist of all points in that are at least e distance 
from and oo. From [35] 10.1 , we have that {i?^ = 0} n Cj consists of a single 



point {qj} for every j. It then follows from proposition 5.5 that for any small e 
and K > 0, there exists 5 > so that for t < S and every 1 < j < n the function 
(/? o Q!j)||t}xpi(K) is £ close to the dj covering (/? o aj)|{o}xpi(K;) • In particular, from 
the comment above, we may choose e and k small enough so that 

(120) {E% = 0} n C*) - {E% - 0} n {U]^,{I3 o aj)l{t}xpi(«)) 

for t < S. Let Ctj(K) = (/3 o aj)l{t}xiPH«) ^^'^ ^t(^) = ^'j=iil^ ° "i)l{t}xpi(K); then 
it is clear that we may choose e sufficiently small so that every component in the 
union is disjoint. Fix such a e and k so that the above equation holds and, let 



N — max{ ^ ^^ _^ } and Sq = min{(5 , k}. Then a straightforward argument shows 



5^, 

that there exists a sequence {g2, ■ ■ ■ , 5r-i} such that, for all t < Sq, 
(121) ^t-^'-' < < Sot-^\ 

We define ge,„ : T ^ M via ge,K.{tio) = 0, ge,K{tu) and ge.KiUj) = gj. We observe 
that for < t < (5o and any z € Ct{K) we have that z = Ct,j{n) if and only if 
z = t~^^w for some Sq < \w\ < I/Sq. This implies that z G Ctjin) is contained in 
this image only if 6ot^'^' < \z\ < t^^' /Sq. Thus for z € Ct{K) we have z e Ct,j{K) if 



and only if ge^K,{ti ) < \z\ < ^^^^(ii +i)- By equation 120 and proposition 5.5 this 
implies that the points = 0} nCtj{K) are, after a rotation, contained in the 
interior of the components Cj^k for < fc < rfj of the radar screen for with 
radial function g^^^. Indeed, because we may choose e small enough that Ctj(/t) is 
approximately a dj-fold covering of Cj, we have that the 2t: /dj angular regions each 
approximately cover Cj once and the intersection of — with each such map 
contains rrij/dj points (the order of E\ restricted Cj), justifying that this radar 
screen is associated = (T, {{di,mi)}). By definition, the degenerate values of 
the LG model ipt are the intersection points of /3{t, _) with E'^ — and, again, 
by equation |120[ all such points are accounted for in the interiors of the regions 
Ctj(«). □ 

To each annular region in a radar screen, we can define a partial LG model by 
regenerating the associated circuit. In fact, the proof of the proposition above gives 
precise control on the simultaneous regeneration of every circuit in the maximal 
degeneration. We recall that a partial LG model is simply a LG model defined 
over a curve E, such as an annulus, rather than a disc or C, along with some 
conditions on the fiber (^Hl)- We will neglect these conditions and simply require 
that this is a framed Lefschetz pencil. One may rigorously construct examples of 
such partial models as the puUbacks of Aqj^j via the map {/3 o Q!j)|{t}xpi(K) as 
above. Utilizing theorem |5.6[ for every maximal degeneration of a LG model tp, 
we obtain a semi-orthogonal decomposition of a category which can be thought of 
as a type of directed Fukaya category (see [TT] ,[SS]). As this category has not yet 
been defined in general, we will examine the special case for which an A'-sharpened 
pencil gives rise to the directed Fukaya category of a Lefschetz pencil as defined in 

El. 



Proposition 5.7. Let A' C Int{Q) and W he a generic A' -sharpened pencil. Then 
the LG model w associated to W has isolated Morse critical points away from oo. 
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Proof. Observe first that the intersection of W with the components Ag. ~ 
of = corresponding to proper faces Qi of Q is trivial. These intersections 
give stratified Morse critical points, so a trivial intersection implies that the only 
intersection of W with Ej^ = is that with the full discriminant and the boundary. 
The discriminant intersection points correspond to Morse critical points of the LG 
model and the boundary intersection points, or toric hypersurface degeneration 
points, occur only at and oo. Since the generic model associated to an A'- 
sharpened pencil sends to a point on the interior of the face of corresponding 
to the subdivision S — {{Q, A — A')}, the fiber over zero is smooth. 

To check that the intersection of W with Aq. = is trivial, we may assume 
that W is near a maximal degeneration point tp. Recall that the sequence ci, . . . , c^. 
referred to the sequence of equivariant lines on X-£(a) in the image of ip. By theorem 



5.6 the W intersects a component Aq. = of = if and only if Cj intersects 
Aq. = for some j. For each Cj there is a circuit Bj C A for which E^c^ = 
{E%. )™J /''j . By the product formula of [46' , we have that { Aq, = 0} n Cj 7^ if and 
only if Bj C Qi- Assume that this is the case and let T± be the two triangulations 
corresponding to Cj with points 0± G such that Ja'{4'+) > fA'itp-)- Then, 

by the formula for (p± and the definition of /a' , we have that 

(122) /a'(0±)= J2 ( E Vol(a) 

Let Bj be any extended circuit in A containing Bj such that Cj modifies triangula- 
tions associated to Bj, i.e. T± restricts to the two triangulations on Conv(i3j). 
If a e Bj n A' then a ^ Bj since A' n = and Bj C Qj C dQ. But then by 



equation 83 for every such a, the sum of the volumes is given by 
(123) Yo\{Conv{Bj)) = ^ Vol(cr) = ^ Vol(cr), 

contradicting /a'(0+) > fA'{4>^)- Thus {Aq^ = 0} n Cj = for all 1 < j < r which 
was to be shown. □ 

As was mentioned above, given a LG model w with Morse singularities and 
reasonable boundary conditions, i.e. a symplectic Lefschetz pencil, one may define a 
directed Fukaya category as in [SS] . Taking the paths B associated to a radar screen 



to be the generating exceptional collection, theorem 5.6 and the above proposition 
give: 

Corollary 5.8. For every maximal degeneration of a LG model associated to A, 
there exists a smooth LG model a semi-orthogonal decomposition of the 

directed Fukaya category: 

(124) Fuk^i^t)^ {Tl,...,Tr) 

where % is the directed Fukaya category of a regenerated circuit corresponding to 

5.2. Homological mirror symmetry. In the final pages of this article, we will 
detail a conjectural homological mirror to the maximally degenerated LG model 
and present some supporting evidence for this viewpoint. Aside from the intrinsic 
interest which many have for the subject of homological mirror symmetry, the 
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perspective obtained from maximal degenerations predicts many results in the B- 
model setting which previously are either unknown or have been approached from 
a more opaque angle. 

We restrict our conversation to the homological mirrors of nef Fano DM toric 
stacks, by which we mean we choose a simplicial stacky fan S = (Z^'^' , Z'', /3, E) 
with one cone generators S(l) C Z'^ such that C 9(Conv(I](l))). This condi- 
tion is equivalent to —K^^ being nef. Letting ao — E Z"^, we define the yl-model 
mirror of As to be a generic LG model w associated to a {ao}-sharpened pencil 
W for the set A = E(l) U {ao}. It is not hard to show that any homological mirror 
of a toric Fano orbifold as defined by can be obtained in this way. We now 
formulate the structure on X^: corresponding to a maximal degeneration tp of w. 

For any triangulation T of A, we define a stacky fan Ej- as follows. Let a G T he 
a simplex which contains ao and r be the minimal face of a containing ap and r(l) 
the vertices of r. We write At for the finite rank abelian group Z''/Linz(T(l)) and 
A : Z'^ — )■ At the quotient. The star StTir) of r in T is defined to be the collection 
of simplices in T containing r as a face. For each such simplex cr e Stx we define 
the cone Sa = Cone({A(w) : v £ cr(l)}) C Ay M with generators X{v) e At- The 
collection of cones {So-} along with their intersections defines a stacky fan which 
we write as St- 

Definition 5.9. Let be a maximal degeneration with decorated simplex path 
= {T,{{di,mi)}) where T = {tg, . . . , t^+i). The sequence of stacks 

(125) S^^{X^,^^^,...,X^J 

will be called the mirror sequence to the tp. 

Let us write out an example of the mirror sequences for the maximal degen- 
erations of {ao}-pencils on the variety Xq of the previous section. Referring to 
figure [Tsj we enumerate the maximal degenerations ipi, ip2 and ips associated to the 
vertices on the right hand side of the monotone path polytope, starting from the 
top and ending on the bottom. The mirror sequences of these degenerations are 

s^, = (A'^*^i^l,p^{p^}), 

S^3 = {X^'\V^ X P\pi). 

Noting that Fi is the projective line bundle of ©(—I) ® O over for the second 
sequence and that P^ x P^ is the trivial projective line bundle over P^ for the 
third, this example suggests that the mirror sequences to maximal degenerations 
correspond to runs of the minimal model program for the mirror. 

We briefiy recall the minimal model program on toric varieties as presented in 
|48) . [5^ and j38j- For the moment, we consider I] to be a general complete, simpli- 
cial stacky fan in Z'^ which is not necessarily nef Fano. If ai G S(l), write for the 
index of Z • in K • ai nZ'' and Xj: for the toric variety with quotient singularities. 
Consider the stack A'^ to be a log crepant resolution of the toric variety with 
Q-divisor B — J2ai<£^(i) where Dj is the divisor corresponding to the one 

cone M • ai. 

Given a codimension 1 cone w =< 03, • • • , a^+i > corresponding to an extremal 
rational curve, there exist precisely two maximal cones containing w with additional 
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vertices and a^^. The set C{w) — {ao, ai, • • • , Ud+i} is an extended circuit and 
has a fundamental relation 

d+1 

(126) ^a,a, = 0, 

d+1 

(127) = 0, 

i=Q 



as in equation 78 We assume (oi, . . . , a^+i) = 1 and that C Z"* is the lattice 



generated by {aj I < j < d + 1}. As was noted in section 4.1 the volume 
Volo(C(u;)) := Conv({ai, . . . , a^+i}) is given by iw ■ where is the index 

[Z'^ : A^]. This volume will become a relevant invariant later in the section. As we 
will reference [3 9) heavily, we note that there the primitive vectors Vi are ai/ri and 
that Oi = ridi/rw where = gcd(riai, . . . ,rd+idd+i) so that, gcd(ai, . . . ,ad+i) = 
1. We orient the circuit so that aq < (i.e. ao € C^{w)) and take the signature of 
C{w) to be a{C{wj) = {p,q;r). 

For any aj G C+{w), let tj — Cone({Q;i G Core(C(w)) : i ^ j}). We state a 
proposition which essentially rephrases [15] 14-2-1. 

Proposition 5.10 ([IH], 14-2-1). The fan consisting of T = {tj : aj € C+{w)} 
is contained in S. Moreover, there exists a collection of r -cones Supp{w) := {ai : 
1 < i < m} in S such that the star of T consists of cones T := {tj -|- ai : Uj G 
C+(w), l<i<m}. 

This proposition allows us to relate the fan structure around the extremal ratio- 
nal curve given by w with the circuit Core(C(w)). To make this precise, we define 
the collection of simplices Simp(I]) = {Conv(cr(l) U {ao}) : cr G ^{d)} and write 
Vol(S) = X](TGSimp(E) Vol(tT). Note that if is projective, then Simp(I]) extends 
to a regular triangulation T of Conv(A). Indeed, taking a very ample divisor on Xs 
and its graph ipu on M'' as defined in section 3.4, admits a perturbation as a 
function in IR^(^) which yields regular triangulation. We call T a convex extension 
of Simp(E). 

Corollary 5.11. Let T be a convex extension of Simp{T.) and w £ S(n — 1) an 

extremal rational curve. Then T is supported on Core{C{w)). 

This corollary ought to be thought of as part of the correspondence between 
the secondary fan and the secondary polytope as given in |19| . Let us review the 
extremal contraction associated to w, the structure of which can be phrased simply 
given the corollary: 

Proposition 5.12. Let Yi he a stacky fan and w an extremal curve in X-^- Let T 
be a convex extension of Simp{Yj) and Sc(io)(2^) ihe circuit modification ofT along 
C{w) and E' = Y,s^^^^(j'y The extremal contraction of w is given by a birational 
map 

(128) : Xj: X^, 

To be more precise about the how the circuit modification changes the fan struc- 
ture, we may define the collection of cones T~ = {Coiie{C{w) — aj) : aj G C^{w)} 
and the collection of cones T := {t + a : t E T^, cr £ Supp{w)}. Then replacing 
the cones of E in T with those in T yields the fan E'. 
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We note that, by a birational map of toric stacks we mean a log map of underlying 
log varieties as in [3H] . While we refer to the above references for the proof of this 
proposition, we will detail the three essentially different situations that can occur. 
They may be distinguished by the signature a{C(w)) = (p, g; r) of C{w). For this, 
we need to define three stacks associated to w. Define the lattices 

LinR(Core(w)) nZ'' 

LinR(C_(w))nZ''' 
LinR(Core(M;)) nZ'^ 

with projections tt^ : Z"* — > A^;, tt^ : Z'' — > Ab and irp : LinR(Core(w)) nZ'' — > Ap. 
We define stacky fans T,p — {■kp{t) : r G T}, T,e — {7r(CTUT) : a £ Supp(w), r £ T} 
and — {773(17) : a £ Swpp{w)}] write their associated stacks as £ and B with 
coarse spaces F, E and B. Then it is not hard to see that proposition |5.10| implies 
that the induced map tt : £ — !■ S is a smooth fibration with fiber J- . We also write 
the a natural inclusion of £ in Xyi 'as j : £ ^ A^. 

To simplify, we order C{w) = {ao, . . . , Oid+i] so that C+(w) = {a; : 1 < i < p}, 
Cq{w) = {ap+i, . . . , ttp+r} and C^{w) = {ao, "p+r+i, • ■ • ,ap+9+r-i}- We also fix 
T to be a convex extension of Simp(E), sc(w){T) the circuit modification of T by 
C{w), and write S' for the stacky fan 'Ss^,^^^(^t)- 

We start with the case of g = 1. Here we have that £ = As and that the stack 

is covered by a weighted projective space P(ai, . . . , ap). In this case the map 
ttb : Z'' — s- As induces a map of stacky fans from — Y^p onto which gives the 
smooth map / : A's — ^ B. It is clear then that equals E' and that / = tt is a 
Mori fiber space map with fiber equal to T. 

Now let us examine the case of g = 2. In this case C_(w) — {ao, ad+i} so that 
Ap has rank (d — 1) and £ is a divisor in A^. It is not hard to see in this case 
that E' is obtained by replacing the cones in the star of T with the stacky cones 
{a U C+{w) : cr £ Supp(w)}. In other words, we delete the one cone corresponding 
to ad+i which, on the coarse level, gives a divisorial contraction / : ATs — >■ X^i 
whose exceptional locus is E blown up along B. As was mentioned in |38| , there is 
not always a morphism / : A^ — > A^' reducing to this map, but it is not difficult 
to find an etale correspondence which induces the birational map. 

The case of g > 2 corresponds to an equivariant flip. Indeed, as above, we may 
take the stacky fan E by replacing the star of T by all stacky cones {a U C+(w) : 
(7 £ Supp(w)}. Then the induced map tt : As — )■ Xj, contracts £ which in this case 
has codimension > 1 and contains the rational curve corresponding to w. As Xf, is 
singular, to obtain the flip (/> : As' ^ Ag. one need only observe that Kx^, is ample 
relative to 0. 

With these cases in mind, we define a minimal model program, or MMP, sequence 
as follows. 

Definition 5.13. Given a toric stack A — A^, a sequence of equivariant birational 
maps 

(129) Xr Xr-i—^ ^-^ Xo 



Ap = 

Ap = 
Ab = 
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will be called a MMP sequence of X if for every 1 < i < r — 1, fi \s & divisorial 
contraction or flip and is a Mori fiber space. 

With this definition in hand, we may now state a suggestive theorem relating 
maximal degenerations of LG models to the minimal model program. 

Theorem 5.14. The set of MMP sequences of{X^ : A = i;(l)U{0}, X is nef Fano} 
are in bijective correspondence with the set of mirror sequences to maximal degener- 
ations of {ao} -sharpened pencils on Xq. Both are in bijective correspondence with 
vertices of the monotone path polytope Sp^^ {'E{A)). 



Proof. We observe that p^o ■ ^(^) ~^ [0; Vol((5)] C M. By proposition 5.4 we have 
that the vertices of the monotone path polytope are in bijective correspondence 
with maximal degenerations. For any such vertex ip, let = (ci,di,mi,ti) by 
its degeneration data. We first observe that the mirror sequence to "0 is a MMP 
sequence for X^. Taking ^^^(tr+i) = Yo\{Q) to have the maximal value, we must 
have that Sj^^^ is nef Fano. For every circuit c^, we have that ao ^ (ci)+ which 
implies that there is an extremal contraction fi : X^^_^^ A^j. corresponding 
to the circuit. If 1 < i < r then since Paoiti) 7^ 0, we have that ao is a vertex 
of the a simplex in ti. This implies that a{ci) = {p,q;r) with q > 1 so that fi is 
a divisorial contraction or a flip. On the other hand, if i = 0, then Pa„(tQ) — 
which implies that ao is not a vertex of any simplex of to. This implies that 
(t(co) = (p, 1; r) and that fo is a Mori fiber space. Therefor the mirror sequence to 
ip corresponds to a MMP sequence for X^. The converse is obtained by running 
the above correspondences in reverse. □ 

From this result, one is led to conjecture that every decomposition of the A- 
model given by a radar screen corresponds to an equivalent decomposition of the 
i3-model associated to the MMP sequence and the derived category of X^. On the 
-B-model side, such a decomposition has been given very explicitly by Kawamata in 
[39) . We write a condensed version of his results here, with a short proof translating 
his notation to ours. 

Theorem 5.15 ( |39| ) . (i) Let C{w) = {ao, . . . ,a^^^i} correspond to a signa- 
ture {p, q; r) circuit in a rank lattice with ao = and triangulations T±. 
Letting X — X^^^, the derived category D^{X) has a strong exceptional 
collection of Volo{A) line bundles 

(130) E„ = |o(^fc,A) ■.0>Y,a^h > - . 

^Z? = J' = 1; then the collection is complete. 
(ii) Given a toric stack X = Xj., with MMP sequence 

(131) Xr -'^ Xr-i --^ Xo 

such that, to the birational map fi corresponds to the wall w and has the 
associated toric stacks Ti, £i and Bi. Then there is a semi- orthogonal 
decomposition 

(132) D^{X)':^<Si,...,Sr> 
where Si admits a semi-orthogonal decomposition 

(133) 5, ~< x,{^*{D\B,))®C) : £ e > . 
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Proof. For the most part, these statements are part of theorems 3.1, 4.3, 5.2 and 6.1 
in [33]. The only additional point is the count of exceptional objects being VoIq{A). 
To see this, we observe that 4> : l/^ — )■ 'L'^ given by 0(6^) = oti has cokernel equal to 
l/" / Kyj and rank 1 kernel. So the line bundles ©(X) ^iDi) form a subgroup of Pic(A') 
isomorphic to (Z"^- / K^Y ® Z. Thus the line bundles 0{Y, hDi) for < > 
— '^^^ be counted up to equivalence as \Z'^/Am\ ■ ~ Volo(A). □ 

One notational distinction worth noting is that what is called J-' in [39] , we refer 
to as B. 

We use this theorem to prove a more elementary result: 



Proposition 5.16. Let be a complete toric stack with simplicial stacky fan S 
in . Then 

(134) rk{KQ{D''{XY^))) = YoU^) = ^ Mult{a) 

CTGE(n) 

Proof. We prove this by induction on dimension. Every stacky fan in is given 
by two primitives ai,a2 G ^ which yields the (2, 1) circuit A = {ao,ai,a2}. It is 
easy to compute that Volo(A) = |ai| + \a2\ which equals the two quantities on the 



right in 134 By theorem 5.15 (i), we have that this is the number of exceptional 
objects in a complete exceptional collection, so the proposition holds for this case. 

Now assume that the proposition holds for dimensions < d and all d-dimensional 
complete, simplicial stacky fans S with Vol(E) < V for some y G N. Let S be a 
d-dimensional complete, simplicial stacky fans E with Vol(E) = V . Let w be a 
wall in E and / : E --^ E' the birational map associated to the circuit modification 
C{w) with signature (p,q;r). Assume that the corresponding exceptional Mori 



fibration is T ^ £ ^ B and ds = dim(;B). Then we observe that theorem 5.15 (ii), 
the additivity of the rank of Kq relative to semi-orthogonal decompositions and the 
above assumptions imply 

MKoiD^X^))) = Tk{Ko{D''{X^,))) + Volo{C{w)) ■ Tk(Ko{D\B))), 

= Vol(E') + Volo(C(u;)) • VoI(Eb). 

Now, from the definition of Es, we have that for every d-dimensional cone a £ 
T C E containing Cone(Tj) as a subcone for some Tj S T, there is a unique cr G Es 
which is the image of cr' G E for which cr' + Tj = a. Now, the volume of the simplex 
i(j associated to a is Vo1((t) • Vol(rj) (note that we need to use a in this formula 
instead of cr' in order to account for the lattice volume). The contribution to Vol(E) 
from T is then Er.sT.aeSB Vol(rj) • Vol(cr). 

The same statement holds for T so that the following formula holds for the 
difference 

Vol(E) - Vol(E') = VoI(tj) • VoI(ct) - ^ Vo\{t,) ■ Vol{a) , 

= Y Vol(^) I E Vol(r,) - Y Vo1(t,) 

creT,B XTjer TiET- 

= VoI(Eb) • Volo(Core(C(u;))) = VoI(Eb) • Volo(C(u;)). 

But this implies that TkiKQ{D''{X^))) = Vol(E) = V which proves the induction 
step. □ 
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From this, we obtain an equivalence on the rank of the ii'-theory for the semi- 
orthogonal pieces arising from both the A-model and i?-model categories. 

Corollary 5.17. Suppose is the tight coherent subdivision of the vertex 

ip £ Sp^^(S(A)) and tjjt a regeneration of tp. The semi-orthogonal decompositions 
Fuk^ {ipt) —< Ti, > o.iT'd D^{Xs) —< Si, . . . ,Sr > have the property 

(135) rk{Ko(Ti)) =h- = rfc(i^o(5.)). 

Proof. The statement for the equality rk(/fo(7i)) = hi — is referenced in the 
discussion following equation |116| that the multiplicity of Ea equals change in 
the volume of the extended circuits supported along the circuit involved in the 
edge of the monotone path polytope. The equality for rk(ifo('5i)) follows from 
the observation that bi — = Vol(I]j) — Vol(I]i_i) obtained in the proof of the 
previous proposition. □ 



We infer from theorem 5.14 and proposition |5. 17] the natural conjecture: 



Conjecture 5.18. Given any maximal degeneration of an {a^}- sharpened pencil, 
let tpt be a regeneration of ijj. Let 

Fuk^i^t) = <Tl,...,Tr>, 
D\Xs) = <Si,...,Sr> 

be the semi-orthogonal decompositions associated to and its mirror sequence. 
Then there exists an equivalence of triangulated categories 

which restricts to equivalences "^f^ : % ^ Si for all I < i < r. 

In fact, a more detailed conjecture can easily be formulated about the equivalence 
of the categories % and Si associated to degenerate circuits, but we will leave this 
to a later work. 

Additional evidence for this conjecture comes from the case of A actually equaling 
a circuit, in which case this is simply the statement of homological mirror symmetry 
for a weighted projective stack. Certain classes of (2, 2) circuits were also examined 
in |40j where the equivalence of the circuit regeneration and the semi-orthogonal 
component associated to a blow-up was proved. 

As a final remark, we point out that the edges of the monotone path polytope 
Sp^^ correspond to minimal transitions between MMP sequences. They also 

correspond to certain two dimensional faces of S(^). Restricting attention to those 
faces which have an edge on the minimum facet — 0, we obtain a transition 
between two Mori fiber spaces. Such moves, or links, have been well studied in 
a much more general context and their classification is referred to as the Sarkisov 
program. As an outgrowth of our perspective, one may pursue a complete structure 
theorem for all toric Sarkisov links. 
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